HW #2

(1) t-decay

The electron or muon four-momentum in the t rest frame is
p™=y 2 m(l, sing, 0, cosq),
by suitably choosing the orientation of the (1, 2) plane. Here I've dropped "hat" on ¢, and renamed x-hat as Yy just to save time to

type. By boosting it to the lab frame (with g = mz /(2 M) and taking the approximation b = 1), it is
P™=y Mm@l +cosq), singG, 0, g(1+cosq) =y Z ((1+cosc), S sing, 0, (1+cosq)

Therefore,

2p°
m;

Now it is compute the distribution in X by integrating over Y and cos q with the delta function d(x - % y(1 + cos q)).

X= :%y(l+cosq).

2
z_fzfoldyflldcosqd(x_ %y(]+cosq)) (31;2“;35[3- 2y! cosq2y- 1)]y?
_ (1, 2 G#m?® 2x
‘fxdy§ 1F92p3 [3' 2y! (7_ 1)(2y- 1)]y2
2
= Gfgzn;—; fdy2[3y- 21 @x- y)@y- 1]
= SEE0- ) 1- 3 2]

where the last expression is for + and - sign, respectively.
Integrate A3y - 2y?2+H2x- yLH2y- 1L, 8y, x, 1<E

2 x3
3

w| N

Integrate  A3y- 2y?- H2x- yLH2y- 1L, 8y, x, 1<E
1-3x%2+2x3

We plot them:



2 | HW2.nb

2
Plot B—11- x3M 8x, 0, 1<F
3

Plot Al- 3x?+2x3, 8x, 0, 1<E
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The spectra resemble closely what we see in Fig. 13(a), (b) of the ALEPH paper, except for low X which is clealy affected by

acceptance bias. In order to make them appear even closer, we can plot them with the correct relative fraction fg = (sin2 qN)

fL= (2 +sin2qw)”

2
b}
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2
Plot BI-0.5 +syWM —11- x3Ms. :syw V023 >, 8x, 0, 1<F
3
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Plot Bl -0.5 +sWM — 1 1- x3M+1s@M 11-3x2+2x3Me. :sw V023 > 8x, 0, 1<F
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This plot looks basically the same as that in the paper except for very low X. In the actual experiment, they fit the lepton spectrum
keeping Sy free based on the predicted distributions for both left- and right-handed tau.
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(2) impact parameter distribution

Suppose the long-lived particle traveled over the distance | and decayed into a charged track along the polar angle qrelative to the

original direction. There may of course be several of them, but we will use only one. We assume that the track is massless. We
define the coordinate system such that the original direction is the z-axis.

In the rest frame of the decaying particle, the charged track has the four-momentum Ip = E(1, sing, 0, cos ). (I omit the hat on Q

just for saving time with typing.) Going go the lab frame, we use the boost factor b= v/cand g = 1/\/ 1- b?. The four-

momentum of the charged track then is p= E(g+ g bcosq, sing, 0, gcosq+ gb). Therefore, the track is pointing to the

direction n = (sing, 0, gcosq+ g b). If we extrapolate this vector from the decay point (0, 0, |), the distance of the closest
approach to the origin (the impact parameter b) is given by minimizing

bt)> = | (- tsing, 0, | - tg(cos q+ b)) |2 = t2sin® q+ 12- 21 tg(cosq+ b) + t2g2(cos q+ b)2

= tz(sin2 g+ g%(cos q+ b)2) - 2ltg(cosg+ by + 12

The minimum is

b?=12- (Ig(cos g+ b))z/(sin2 g+ g%(cos q+ b)z)
= Iz[l - g%(cosq+ b)z/(sin2 g+ g?(cos q+ b)2)]

The normalized distribution in the decay length is
1 i - lsgcbt
gchbt fO dle

In addition, we assume the isotropic decay
1 1
5 f ld cos(
Therefore, in order to find the distribution in the impact parameter, we need to work out
1 : - |og chbt 11
fo dle 5 f ld cosq

gchbt
Now we insert unity and use the expression,

i cle 1 : 2 /(. 2
—gclbt Jy dletacht %Ildcosqfo dbzd(bz- Iz[l - g%(cosq+ b) /(s1n2q+ g%(cos g+ b) )])

We can integrate over | easily because its solution for the delta function is

2= bz/[l - g’(cosq+ b)z/(sin2 g+ g%(cosq+ b)z)].

The distribution is then given by
1

gchbt

fo: dl? %e‘ lrgebt %Illdcosqfo: dbzd(lz- bz/[l - g%(cosq+ b)z/(sin2q+ g’(cos g+ b)z)]) L

B- g?Hosqr bl Eir? q+g2Heosa bUNF

_ 1 qn 1 12 1 lgcbt
= gebr fo dbbfldcosqb2 7€

_ 1 ] 1 1~ lgcht

~ oot fo db[ldcoqube

where | is given by the above solution.

Let us consider the ultrarelativistic limit b~ 1. In this case, the solution for | simplifies to
1= bz/[l - g%(cos g+ 1)2/(sin2 q+ g%(cos g+ 1)2)].
= bz(sin2 g+ g%(cos q+ 1)2) / sin®q

In addition, we can ignore sin’ gin the numerator forg p 1, and
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I=bg(1+cosQg)/singq.
Then the normalized distribution simplifies drastically to

gh+cosdl _ phH+cosglect sing
gcth dbf dcos SAZsing 2sinq €

_ | 1+cosq - bH+cosqlect sing
——ZthOdedcosq—. e
_ 1 qn 1+cosq - bH+cosglect sing
——ZthOdbfdcsq e

sing

= fo dbf dcosqcotqe b cothir2le ct

2¢ct
Usmg t= cot 5 9= 1+cosq,
smq
btect
~ [ db [ dtmmte
2 t? ) b
Integrate  B— ——  EPt/€€) gt 0, ! <, Assumptions -> ReB—F >OF
ct 142 ct
.. 1_ _ 1 1_ _ b?
MeijerG B99- 7= 8<=, 990, 7 3= 8<=, e
cVp t
‘s 1_ _ 1 1_ _ b2
MeijerGB99- 5=, 8<=, 990, 3, 5=, 8<=, e
Integrate B , 8b, 0, | <F
cVp t
1
c t
c?t?
s 1_ _ 1 1_ _ b?
Mel]erGng‘ 5= 8<—, 990, Sr 50 8<—, m _ _
NB e. 8 lec<e. 8b O<F
cVp t
1.5708
plot | =
MeijereB99- 1=, 8<=, 990, 1, 1=, 8<=, ﬁ
Plot B . 8t 1ec<, 8b, 0, 5<, PlotRange ~ 80, 1.6 <F

cVp t
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The result is clearly g-independent. This is because the large g would lead to a larger decay length as g, whie the decay products

are more focused as 1/ and hence the impact parameter distribution is approximately g-independent.
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For modest boots, we need to numerically integrate over cos Q.

HCos@D + bL2
Together Bl -

Sin@D? + Hcos@|D+ bL?
Sin @D?
b2 + 2 b Cos@D+ Cos@D? + Sin @D°
Simplify @

Sin @D?
1+Db?+2b Cos@D

Nintegrate B

He D+ bL? b
Sin @D —E"-/(QCb‘)-_:Lb“\/l—g2 o0 >-.:b7—g>..
gcbt 2b Sin@D? + g2 Hcos@D+ bL? /1+bgz
g~ \1+bg?>+. 8bg " 100<e. 8c 1, t ~1<e+. 8b~ 0.001 <, 8q, O, p<F
1.55721

Solve Bb g« bge. b~ \1-g 7> oF
(o=~ /v ). {5 avbs7)]
o™~/ ). {5 aoba7 )]

Simplify @

bg?

1+ bg?




8 | HW2.nb

plotl000 = Plot BNIntegrate B

L He D+bL2 b
Sin @D ZplYeeb . Tp e [1- g2 °s@ se ipm —9 .
bt 2b : 2 2
gc Sin@D? + g2 Hcos@D+ bL /71+ng

‘g \/1+bg2 >e.  8bg 1000<e. 8¢ 1, t 1<, 8qg, 0, p<F, 8b, 0, 5<, PlotRange ~ 80, 1.6 <F

O““l““Z““S““4“‘5
Just to verify that the numerical integral for this large value of g is consistent with the analytic result for large g:

Show@lot |, plotl000 D

They are indistinguishable.
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plotl0 = Plot BNIntegrate B

L He D+bL2 b
Sin @D ZplYeeb . Tp e [1- g2 °s@ se ipm —9 .
bt 2b s 2 2
gc Sin@D? + g2 Hcos@D+ bL /71+ng

‘g \/ 1+bg2 >e. 8bg 10<e. 8c 1, t 1<, 8q, 0, p<F, 8b, 0, 5<, PlotRange ~ 80, 1.6 <F

plotl =Plot BNIntegrate B

L Hcos@D+ bL? b
sin @D —El@eb . Th e [1- g2 °° seipm 29 oL,
bt 2b : 2 2
ge Sin@D? + g2 Hcos@D+ bL /71+ng

‘g \/ 1+bg?>+. 8bg 1<e-. 8¢ 1, t 1<, 8q, 0, p<F, 8b, 0, 5<, PlotRange ~ 80, 2.2 <F
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plot01 = Plot BNIntegrate B

L He D+bL2 b
Sin @D ZplYeeb . Tp e [1- g2 °s@ se ipm —9 .
bt 2b : 2 2
gc Sin@D? + g2 Hcos@D+ bL /71+ng

‘g \/1+bg2 >e. 8bg 0.1<e.8c 1,t 1<, 8q, 0, p<F, 8b, 0, 0.5 <, PlotRange ~ 80, 16<F
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plot001 =
Hcos@D+ bL?
Plot BNIntegrate BSin @D —EM@eP o o T v [1-g? @ >
gcbt 2b sin@D’ + g2 Hcos@D + bL?

b
b ——2 5. g~ ~[1+bg?>-. 8bg~ 0.001 <-.
\ 1+bg?

8¢~ 1, t 1<, 8q, 0, p<F, 9b, 0, 510 3=, PlotRange ~ 80, 1600<F
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(3) h~ W' W decay



