Explicit Calculations of the Vertex Funcion

We use the same notation as in the textbook page 189. The incoming (outgoing) electron
has four-momentum p (p’), and the Coulomb field kicks the electron with a momentum transfer
g = p' —p. The vertex function does not include —ie factor in its definition, so that its lowest-
order piece is y*. Writing the vertex function as T*(p’, p) = v* + oT*(p/, p),
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By using the identities 7, ¢v” = —2d, v, d " = 4(a-b), and ~, ¢y = —2¢Yd, the numerator
can be simplified to

V(K 4+ m)y" (k4 m)y” = =2} + Am(k + K )" — 2m>H* (2)

On the other hand, three propagators can be combined to a single one using the Feynman
parameters
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Let us work out the combined propagator first. Using z; + 20 + 23 = 1, p> = m
P+a) =P~ =—¢ and k' =k +q,

, 2D q =

21((p — k)2 — %) + 20(k” — m?) + z3(k* — m?)
= K =25k -p+zm? —zlu2+222k-q+zgq2 — zom? — zgm?
= (k—21p+20)* — 2im® + 221200 - ¢ — 25¢° + 2um® — 214 + 2007 — (20 + 2z3)m?

= = (1—2)'m® — 21p® + 223¢° (4)
where I introduced
Il =k — z1p+ 22q. (5)
By using [ and Feynman parameters, we obtain

d* =2y K+ Am(k + K)E — 2m2ye
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Let us work on the numerator. The aim is to rewrite it as a linear combination of v* piece,
10" q, piece and ¢" piece. The reason is the following. It is only 4* piece which receives the
wave function renormalization at this order, as we will see later. Therefore, ic"”q, piece
is finite by itself. Furthermore, this is the piece which generates the anomalous magnetic
moment, and hence it is useful to separate them from the physics point of view as well. We
will benefit from the fact that the 6I'* is sandwiched between @(p’) and u(p).
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First the —2 f+* } term. By going to [ variable,

=2
= 2(/+zap—2ndV'(I+ap+(1-2)q)
= 2(/+xaf —(a+2))V"(I+ 2P+ (1 - 2)d) (7)

By using the equations of motion, @(p’)(# —m) =0, (¥ — m)u(p) =0,

=2+ zm— (1= z) )" (J+z2m+ (1 - 22)4)
=2[ M+ (am — (1 = z) )" (zam + (1 = 22) )] (8)

Since the denominator of the integrand is symmetric under [ — —I[, we dropped the terms
linear in [ above. Now we use some tricks to simplify the expression.

(z1m — (1 = z3) )" (zam + (1 — 22) )
= 2im* " + zim[—(1 — z3) " + (1 — 22)9"d) — (1 — 23)(1 — 22) "' o (9)

The first trick is on terms in the square bracket:

—(L—z) " + (1 — 27" d

= -+ D) + (- @) ~ (47
= (23—22)%{%7“}—(2—22—23)%[%77“]
= (o — ()] (10)

By using the definition of o = £[y*,~"], we obtain

— (L= z) " + (1= 22)7"d = (25 — 22)¢" — (1 + z1)ic™q,. (11)

The last term is

n'd = 4= +{" 4})

—q*" + 24" (12)
But recalling the fact that a(p’) gu(p) = u(p) (¥ — p)u(p) = u(p’)(m—m)u(p) = 0, it is simply
'l = -’y (13)

By putting them together, the first term in the numerator is given by

—2fMH = =2 I I am oy  am(zs = 22)¢" — (14 21)i0" qy) + (1= 22) (- 23)¢™7"] (14)



The second term in the numerator is rewritten using the Gordon identity, @(p’)(p+p')*u(p) =
a(p’)(2mAy* — io" q,)u(p). We obtain,
dm(k+ )Y = dm(l+ z21p — 20¢ + 1+ 21p + (1 — 29)¢)*
= 4m(2l + z1p" — (21 + 22)q + z21p + (1 — 29)q)*
= AmQ2l+ 2 +p) + (2 — 22)9)"
Am(z (2mA* —io"q,) + (23 — 22)¢") (15)
In the last equality, we dropped a term linear in [ because it vanishes upon integration over
d*l.
Now we can add all terms in the numerator of the integrand.
=20 W+ dm(k + K — 2mPyt
= 2" L+ 2Pt zm((z — 2)g" — (1+ 21)i0™q,) + (1= 22) (1 — 23)¢°7"]
+4m(z (2mAy* —io*q,) + (23 — 22)q") — 2m>y*
= 2" I+ AM(2(=21 + 40 = Dm? = 2(1 = 2)(1 - 23)¢°)
—2mzi (1 = z1)ioc™q, + 2(2 — 21) (23 — 22)mg" (16)
The last term is anti-symmetric under the interchange zo <+ 23 while the denominator and
integation measure are symmetric, and hence can be dropped.
Finally, the term [+* ! can be simplified. Because the integration is done in a Lorentz-
invariant fashion, [,l, can be replaced by g,,/?/4. The factor 1/4 comes from the require-

ment that you obtain the correct normalization upon contracting p and o indices using the
Minkowski metric. Therefore in the integrand,

AL = ey
1
= ZZQgpafypﬁyuﬁya
1
= Zl27p7u'7p
1

= —Py* 17
St (17)
by using the identity v*dvy, = —2¢ again. Therefore, the numerator is now given by
—2f W+ dm(k + K — 2mPyH
= P+ 2(—22 44z — Dm® —2(1 — 2)(1 — 23)¢%) — 2mz (1 — 21)ic"q,  (18)

The vertex function is given by
o (p',p) = —ie22/1 d3z5(z3: 2 — 1)/ a1
’ 0 —~ (2m)*
V(2 4+ 2(=22 + 421 — 1)m? — 2(1 — 29)(1 — 23)¢%) — 2mz (1 — 21)ic*q,
[l2 — (]_ - 21) ’

(19)

2m? — 2142 + 2023423
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Since this is a function of ¢ only, we henceforth write it as 6I'*(q).
Now we evaluate the integrals for ¢ = 0. It simplifies drastically to

i B Con Y s 3 d* A2 4 2(=22 + 42 — 1)m?)
drH(0) = —ie 2/0 d zé(zi: 2 — 1)/ or) = (=2 — o (20)

First perfom the [ integration. We need to deal with the ultraviolet-divergent piece [* and
the rest separately. We use the formulae

/ d*l 1 _ (=" 1 1 o
2m)4 12 — M2]* — (47)2 (n—2)(n — 1) (M?)n=2’
and
/ d*l 12
(2m)4 [12 — M2]n
ey (e )
(27T)4 [l2 _ M2]n—1 [ZQ _ Mz]n
i(—1)"t 1 1 +¢(—1)" 1 1
(4m)? (n—=3)(n—=2) (M?)*=t ~ (47)* (n —2)(n — 1) (M>)"!
i(—1)"! 2 1
- : (22)

(4m)?  (n=3)(n—2)(n—1) (M?)"!
The ultraviolet-divergence piece must be regularized by modifying the photon propagator

1 1 1 1 u2 — A2
5,2 2 _ 2 2 2~ 2 _ 2 2 2 (23)
(p—kpP—p?  (p—kP—p? (p—k?—-A (p-k?—p2(p—k?-A
Note that (p — k)?> = (1 — 21)p — l + 209)* = ((1 — z1)p — 1) for ¢ = 0. Since the momentum
dependence becomes important only when [ >~ A, p ~ m in the bracket is completely negli-
bible. Therefore, it sufficies to introduce a factor (u? — A?)/(I?* — A?) in the above integral.
We also utilize the following formula,

FF " (ot g (%) E

(
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Therefore,

/ d4l l2 M2 _ AQ
(2m)4[12 — (1 — 2z1)?m?2 — 2z 2] 12 — A?

B / dx/ d4l 3222 (2 — A?)

B 2 —2(1—2)%m? —leu — (1 —x)A?)?

A2
:/d 1) 2 322(1? — A2) (25)
(4m)2 1-2-3x(1 — 21)?>m? + 21 p® + (1 — x)A2]4
A conventional integration gives
2 A? —4AB B? +2B%*In(A/B
/dx v — 357+ 25 In(4/B) (26)
o zA+(1-2)B 2(A— B)3

In our case A = (1 — z;)?’m? + z;u> < B = A% and hence it is well approximated by
(34 2In(A/B))/(—2B). The above integral reduces to

—i 1 3+2In((1 — 21)*m? + 21 u?)/A?
i (1 —2)*m? + zuﬂ)

= - (3+2m o

(47)% 2
Its contribution to §I#(0) is given by

1 1 — 2,42 2
—2622/ 328 Zzz ! <3+21n( @) m” 4z )

(4 )2 2 A2
—2¢? 1-z1 1 — 21)°m? + 2
— i 27 / dzl/ sz— <3+21n( 1)A2 1#)
— 1 — 21)°m? + 2 p?
= zfy“/o dz (1 — z) <3+21n( 1)A2 !

= E’Y“/O le(l-Zl) <3+21HF+41H(1—21)>

1 m?

Above, we set 1 = 0 because it does not cause any infrared singularity.
Now we come back to the ultraviolet-safe part in 6T'#(0). This piece is not infrared-safe,
however. It is given by

df y(2(—zE + 42 — 1)m?)

—ie22/1 d326(z zi— 1) / 2m)i 2 — El — 21)?m? — 2 2P

1~z —i 192(=22 4+ 4z, — 1)m?
2 1
= — 2/ d / d
e A1 ZQ )2 2 (1 — 21)?m? + 2 p?

( 2 +4z — 1)m?
(1 —21)2m?2 + z 2

—2« (1—2)

(29)

5



By changing the variable z; — 1 — z,

_ / 2 — 22— 22 (30)

(1 — 2)p?/m?

The integral is logarithmically dlvergent at z — 0 1f 1= 0. A conventional integration gives

2 — 22—
/dzz .

(1—2)e
5 € (6+¢€—€?) arctan((2 — € 4—€)e
s e ) aretan((2 — /(1= ¢) ¢
2 (4—¢€)e
€ (6 4+ € — €*) arctan(e/\/(4 — €) ¢€) N (=2 + € + €2) log(e) (31)
(4—¢€)e 2
In our case, € = p?/m? < 1, and
5}
~ (-2 log(0) (32)
Therefore, this contribution to JI'*(0) is
—20 5 >
2 33
ar | ( p m2> (33)
By combining two pieces in 6I'#(0), we obtain
1 m? —2a 5 >
STE(0) = Lot (142m o (22 e
(©) m72<+ nm>+4w7<2 nmJ
1 m? m?
- @ 5 1om
4” ( B S HM>
2 2
_ o N9 ™ 4
o <nm2+2 n'u2 . (34)
Recall that A2 )
« 9 m
Zy=1—2op(m= +2 ot
9 e <nm2+2 HM2> (35)
and hence
(Zy — 1)y* = —0T*(0). (36)

(Often, people define I'*(0) = Z; 'v*, and the above relation is expressed as Z, = Z;.) The
renormalized vertex function is therefore given by

\/Z ZoIM(q) = ZaI™(q)
= (1+(Z—1)(v" + " (q))
= 7"+ (Ze — D)y + 6% (q) + O(ar/4m)?
= 9" = oT"(0) + 0" (q) + O(a/4m)®
= 7"+ (6I"(q) — 6I"(0)). (37)
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The final stage is to show that the combination 6I'*(q) — 6I'#(0) is indeed ultraviolet safe.
By defining
i q,

(), (39)

Z,I"(q) = 4" Fi(q”) +
and going back to the integral form of I'*, we find

F(@)—1 = —ie* /01 d%é(}jj zi—l)/ (201:)4

P+2(—22 + 42 — 1)m? — 2(1 — 20)(1 — 23)¢*
(12— (1 —21)°m2 — 2142 + 202323

. o>) S @)
d*l —2mz (1 — 2z) - 2m

2m)4 12 — (1 — 21)2m2 — 21?2 + 292323
(40)

B(d) = —ie22/01 d325(§:2‘i—1)/(

To prove F} is finite, let us first concentrate on the term with [?. By using the Wick rotation
of the I° integral,

d*l 12 12
/ (2m)* <[12 — (1= 2)2m2 — 2102 + 2022 12— (1 — 2)?m?2 — z1u2]3>
[ dHg —12 )
- [ o (Fr o - 0)

oo mAAdl 1% 5
= Z/ 2 - (q - O)
o (2m* \[I% + (1 —21)°m? + 242 — 2923¢°]°

i 1 (/%) -

© (4n)2 { [_5 (2 + (1 — 21)2m2 + 22 — 29723472 0

[e’e) l2
dl2 E . 2 O
+/0 E <[Z% + (1 — 21)2m2 + z1p% — 2923¢%)? (4" = 0)
i 12 & —0) >
- - —
(47)2 1%+ (1 — 21)?m? + 214 — 2223¢° 1 0
00 1
dl? —(*—=0
+/o E (l%—l—(l—21)2m2—|—z1u2—z223q2 (= >>}
7

1 (1 — 21)*m? + 2 p?
= n
(Am)2 (1 — 21)?m? + 21 1% — 292302

(¢* — 0)]

All other terms are ultraviolet safe even before the subtraction. In the end we obtain,
Fi(¢®) — F1(0)
1 3 2 (1 — 2)2m2
= 432/ 200> 2 —1) {ln (1= 2)m
m Jo -

2102+ (1 — 21)?m? — 2923¢2

1
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12(=1+4z —2)m® = 2(1 — 2)(1 — z)¢* | 12(=1 44z + zf)mQ} (42)

2 2112 + (1 — 21)2m? — 2923¢° 2 z1p? 4 (1 — z1)?m?
a1 3 -1 —2z1(1 — z1)m - 2m
Fy(q :—2/d35 1) 43
2(a) 47 Jo : (z;z ) 2 212+ (1= 21)?°m? — 2923¢° (43)

The results are finite and agree with the Eqgs. (6.56), (6.57) in the textbook.



