221A Lecture Notes

Landau Levels

1 Classical Mechanics

We are interested in a charged particle (electron) in a uniform magnetic field.
To simplify the setup, let us consider the electron to move only on xy plane
under a magnetic field pointing along the z direction. You can always bring
back the motion along the z direction, which is just a translational motion
with a constant momentum or velocity. Our interst here is the dynamics on
the zy plane. (We use the Gaussian unit in this notes.)

In classical mechanics, all we care is the equation of motion. The Lorentz
force causes the electron to spiral around (Larmor motion or cyclotron mo-
tion). The centrifugal force must balance the Lorentz force,
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which is the Larmor radius or cyclotron radius. The angular frequency of

the cyclotron motion is
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does not depend on the cyclotron radius, and gives a characteristic time-scale
for the problem. The energy is given simply by
m m
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2 2
bigger for larger cyclotron radii. For definiteness, we assume eB > 0, namely
the magnetic field pointing downwards along the z-axis B < 0 for an electron
e < 0. Then the cyclotron motion is clockwise.
If you use the canonical formalism, you need to specify the vector poten-
tial even in the classical mechanics. Even though the system is both trans-
lationally and rotationally (around the z-axis) invariant, it is curious that
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Figure 1: The classical cyclotron or Larmor motion of an electrically charged
particle in a uniform mangnetic field.

you cannot find a vector potential that is invariant under both of them. One
common choice preserves the rotational invariance (the symmetric gauge),
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A= (A, A) = 5(—y,x)7 (1.5)
while the other preserves the translational invariance along the z-axis
A= (A, A) = B(—y,0), (1.6)
and yet another preserves that along the y-axis
A= (A, A) = B(0,x). (1.7)
The Hamiltonian is as we discussed before,
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The Hamilton equation of motion is then
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This is nothing but the Newton’s equation with the Lorentz force mi =
¢(7 x B). In components,

o= oy, = 1.12
T Uy = Wy, (1.12)

B
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Therefore, a general solution is

r = X +rcoswt, (1.14)
y = Y —rsinwt. (1.15)

The energy of the particle is E = %6’2, independent of the magnetic field
if expressed in terms of the velocity. Therefore the lowest energy solution is
the particle at rest.

The center of the cyclotron motion (X,Y’) can be written as

1
X = x4+ —vy,
w

1
Y = Y= Va (1.16)

It is easy to verify that they are integrals of motion, namely %X = %Y =0.
If you apply a constant electric field in addition to the magnetic field, the
equation of motion is
= S (xB)+ LB (1.17)
mc m
Suppose the electric field is along the z-axis. Then the equation of motion
can be written explicitly as
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T = wu,+ EGEJE’ (1.18)
Jj = —wu,. (1.19)
The solution is

x = X +rcoswt, (1.20)

E,
y = Y —rsinwt — Cay (1.21)
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There is an electric current along the y direction, perpendicular to the direc-
tion of the electric field. This current is called the Hall current. It does not
depend on the Larmor radius. For every particle in the magnetic field, you
get the same contribution.



2 Quantum Mechanics (Generalities)

First important point is that two kinetic momenta do not commute,

M) = e~ SAup, — A =i0(V.4, - 9,4 =108 (2)
Because we are interested in a constant B, = B, they have a constant com-
mutator. Another important point is that the canonical momentum and
kinetic momentum are different. This point is often a cause of confusions.

We define the z-axis such that eB > 0. For the case of the electron
e < 0, it means that the magnetic field is along the negative z-axis. Then
the commutation relation Eq. suggests that II, and II, play the role of
position and momentum operator, respectively. Together with the Hamilto-
nian Eq. (L.8)), the system is basically a harmonic oscillator. We define the
creation and annihilation operators by
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On the other hand, the Hamiltonian Eq. ((1.8)) becomes

1
H=hw (aTa + 2) : (2.5)

with the classical cyclotron frequency Eq. (1.3). The spectrum is that of a
harmonic oscillator

E =hw (N + ;) (2.6)

with N a non-negative integer. The energy eigenstates are called Landau
levels.

The ground state wave function is obtained by solving a|0) = 0 as usual,
but there is an important difference. There are infinitely many states that
satisfy this equation. We will see this point explicitly by employing different
gauges.
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Figure 2: The Landau levels.

Excited states are of course obtained by acting a' on each ground-state
wave function. Again there are infinite number of states at each harmonic
oscillator level N = a'a.

The “center of the cyclotron motion” in Egs. ,
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commute with II,, IT,, and hence with a, af, and the Hamiltonian. It is
noteworthy that
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and hence it is not possible to specify both z- and y-coordinates of the center
of the cyclotron motion at the same time. On the other hand, it is possible
to introduce another pair or “creation-annihilation operators”

eB eB
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which satisfy [b,b'] = 1.



3 Rotationally-invariant Gauge

3.1 Ground States
In the gauge Eq. (1.5, the annihilation operator is
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Here, I introduced the notation z = x + iy, Z = z — iy, and
0 1 , - 8 1 4

The reason for the factor of a half is to make sure that 9z = 0z = 1. Note
also 9z = 0z = 0. We can hence regard z and Z as independent variables in
partial derivatives.

Similarly, the creation operator in the symmetric gauge is

/ he eB
T _
¢ 2¢B ( 0 2hCZ) (3:3)

It is straightforward to verify [a, a'] = 1.
Solving for the ground state wave function is now easy,

(2, Z]al0) = — \/E(Qa 2:) )w(z,z):o, (3.4)

U(z,2) = f(z)eme P2/, (3.5)
The prefactor f(z) is an arbitrary function of z. Therefore there are infinitely
many ground-state wave functions for each possible analytic function f(z).

and we find

6



-z 2 0 2 4

Figure 3: The ground state wave functions with n = 0, 3, and 10.

It is customary to choose the independent functions f(z) to be just poly-
nomials 2™:
wn(zy Z) — annefeBéz/élhc. (36)

The overall normalization factor N is fixed by
/d2x|1/}n|2 = N? /27Trdrr2”e_eBr2/2hC
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The probability density is basically a ring around the origin. The average
radius squared is seen as

We find

2he
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further away from the origin for larger n.

Note that n must be non-negative. Otherwise the wave function is not
normalizable because of the singularity z~"! at the origin. Also, only integer
powers are allowed because a fractional power would lead to a multi-valued
wave function.
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Figure 4: The relationship among various Hamiltonian eigenstates under the
action of the creation operators a! and b'.

The ground states with different n have different eigenvalues of the an-
gular momentum.
Lz = IPy — YPz
h
= ;(wvy —yVa)
A 5 _ 3 _
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1
= h(20 — 20). (3.10)

Therefore, L., = hni,. However, do not think that the state with higher
n is rotating faster. The angular momentum is what was obtained with
the canonical momentum, not the kinetic momentum. In fact, L. is gauge-
dependent and does not admit direct physical interpretation. The higher
Landau levels should be thought of rotating faster. This can be seen from
the semi-classical analysis in Section [3.3] It can also be seen by evaluating
the expectation value of the kinetic angular momentum,
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which is independent of n for all ground-state wave functions.
The other set of “creation-annihilation operators” [b,b'] = 1 in Eq. (2.9)
can be used to relate different ground states. In the complex coordinate,

eB
= —(X — 1Y
b 2hc( i)
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It is easy to see that they commute with a and a'.
The n = 0 ground state is annihilated by b,

Similarly,

he
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Other ground states are obtained by acting b' successively,
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with the correct normalization expected from the harmonic oscillator case.
It is also easy to see

[L.,b] = —hb,  [L.,b'] = hd'. (3.16)

It is consistent with the fact that acting b increases the eigenvalue of L, by
one.

3.2 Degeneracy of Ground States

Now we would like to figure out how many states there are, assuming that the
system has an overall finite size. Of course, if you discuss a system of finite
size, you have to specify the boundary condition. For example, to preserve
the rotational invariance of the system, I can impose that all wave functions
should vanish at a fixed radius » = R. But this will make the discussion quite
cumbersome, because we have to talk about Bessel functions and so on. Here,
we instead try to answer the question without imposing an explicit boundary
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condition, but by requiring that states all appear “pretty much” within the
radius R. This is definitely not a rigorous way to do it, but if the radius
R is large R > (/h/mw, there are many many states, while such a rough
treatment gives correct result ignoring corrections of O(1). In other words,
I don’t care if you have 98,375,024 states or 98,375,025 states. Then the job
is to figure out within what radius states 1,, are “pretty much” contained.

What is the most probable value for the radius r for the states 1,7
This can be answered just by differentiating the probability density dP =
277 |1y, |2 dr,

d d B
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The peak radius grows as n'/? for higher n. Beyond this peak radius, the wave

function damps very quickly over the distance scale %, 1.e. about where

the next wave function 1, starts becoming sizable. Basically, 1, has a ring-
shaped distribution, and neighboring values of n give you neighboring rings.
Assuming the radius R of the system is much larger than the characteristic
distance scale for the wave function to damp, ~ /h/mw, exactly where you
draw the line gives you only O(1) correction to counting the number of states.
Therefore, we can require that the r2__ is less than R?, or

max

I
(2n + 1)6—; <R, (3.19)

and find (further rounding 2n + 1 to 2n)

eBR? eBTR? ed
< = — 3.20
"=T9ne T 2mhe  he (3.20)

The number of ground states is given by the total magnetic flux going through
the system ® = BrR? times e/hc.
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3.3 Semi-classical Considerations

1, are eigenstates of L, = nh. This can be readily seen by writing 2" = r"ei"®
using the polar coordinates. But one should not think of L, as mur of
classical cyclotron motion. Here is why.

When N is large, we expect semi-classical arguments should work. If you
require that ¢ p'- drf = 2rmor = (N + %)h over a period of Larmor motion,
as we did in the WKB approximation, together with Eq. (1.3), you find

1 5 1 v o1 1

E = R = T X = o (N+ 2) hw, (3.21)
which disagrees with the true energy levels. This is not because Bohr—
Sommerfeld quantization condition fails. Bohr—Sommerfeld quantization con-
dition was justified from the WKB analysis up to an uncertainty of O(h) com-
pared to Nh. The apparent discrepancy is due to the fact that p is different
from the kinetic momentum, and we have to take care of the difference[l] The
true condition is

1 .
<N+2)h:fﬁ-df:7(<mﬁ+‘;/1> - dF

= 2mmur — < Brr? = 2rmur — mmwr?, (3.22)
c
(Note that the Larmor motion is clockwise for e B > 0 we have been assuming.
That is why the line integral of the vector potential gives the negative of the
magnetic flux inside the Larmor radius.) Multiplying both sides with w/2,
and using w = v/r, we find

1 !
(N + 2) i = Smo® = F, (3.23)

which agrees exactly with the Landau levels we had obtained, including due
to the “zero point energy.” (Just like in the case of the harmonic oscillator,
this exact agreement must be considered a luck or coincidence.) The vector
potential is crucial in this comparison.

Given the above considerations, each Landau level can be thought of a
quantized cyclotron motion with mvr = h(2N + 1), even though each state
may have a different canonical angular momentum L, = nh. This point can

T thank Paul McEuen for this observation.
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indeed be seen by working out the probability current density for the ground
state wave function with L, = nh,

7= = (w:; (776—65) wn+<—%—€f¥> w:;wn)
C 1 C

2m i
1 B eB -
= 5 [—27m + 667"2} (Zz)"_le_ﬁBczz(y, —x). (3.24)

At the most probable radius r? = (2n+ l)f—g, the terms in the square bracket
nearly cancel and give a contribution of about —h, independent of n. There-
fore, even though the ground states at higher n have larger radii and higher
angular momenta, they do not rotate any faster; the probability current for
these sates can be viewed as that of the “zero-point motion”.

It is useful to note that indeed a classical particle at rest can carry an
angular momentum. In this gauge, the angular momentum is

. B
L= 7x =7 (mi+ SA) = mix 74 0, (3.25)
C C

If you place the electron at rest at the radius r away from the origin, it has

the angular momentum %72. Because 1?2 = Qn% semi-classically, we find

L, = nh indeed. This observation demonstrates the fact that the angular
momentum L, does not correspond to the classical cyclotron motion.

3.4 Excited States
We can act the creation operator Eq. (3.3) on the general ground state,

| hc eB .
t = ) — (20— —3FZ )N " —eBzz/4he
a', ) 9% ( 0 2hcz> n2te
[ he eB eB .
— i = (9 n—1 _ 2 > > Nn n  —eBzz/4hc
! 2eB ( e 4hcz 27102 = e

h B ]
- —u/%—CB (Qn - ‘;chz) N, 2"~ 1geBzz/4he (3.26)

It is easy to see that it has the energy H = %hw, and the angular momentum
L, = (n — 1)h. On the other hand, the kinetic angular momentum can be
worked out similarly to the ground state, by noting (r?) = Qe%c(n +2). We
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find (zIl, — yIl,) = —3h independent of n, consistent with the semi-classical
argument.

By acting the creation operator multiple times, one obtains any excited
states. Each Landau level has the same degeneracy.

3.5 Coherent State

The classical Larmor motion is most closely approximated by a coherent
state, just like for the harmonic oscillator. The wave function

¢ _ Noe—eB(22—2202+2020)/4hc' (327)

is an eigenstate of the annihilation operator

he eB eB eB
ap Z\/ 2¢eB ( 250(2 %) + 27’162) v Z\/ 2thO (3.28)

Note that the coherent state is not a linear combination of just ground-state
wavefunctions, but contains excited states. This can be seen by expanding
the exponent as

W = e e 0% g Fie0 %y (3.29)

The first factor is just a constant. However, the second factor depends on Zz,
and takes the state to higher Landau levels. Therefore, the coherent state
is a linear combination of all Landau levels, the same as in the harmonic
oscillator case.

This wave function is constructed the same way it is for the harmonic
oscillator, ef aT|0>e’f 72 Using the expression for the creation operator in
Eq. (3.3),

efafwoe—ff/z _ Noelg /;TBL_ fée—eBzi/4hC€—ff/2' (330)

Choosing f = —i\/%zo, it reproduces Eq. (3.27)) above.
It is centered at z = z5. To see this, we calculate the probability density

B
‘w|2 — N02 exp (—z(222 — 2202 — 229z + 22020))

= N | (=20 + (v —w0)?) | (331)



Therefore, it is a Gaussian centered at z = zy, or (z,y) = (zo,y) for zo =
(xo + 1yo), and the normalization is given correctly by Ny in Eq. (3.8]).
Using the probability density given above, it is easy to see that

(z) = o, (Y) = Yo. (3.32)
The variance is also calculated very easily,

(o= 20" = {(y — 90)") = 2. (3.33)

The expectation values of the momentum operators are calculated in the
usual way. First we rewrite the wave function in z and y instead of z and Z,

—eB : .
Y = Npexp 1he (552 + 4 = 2(wo + o) (v — iy) + (x5 + ZJ(Z)))
—eB ‘ .
= Nyexp The ((:p —20)% + (y — y0)? — 2(—izoy + Zyox)> . (3.34)
Therefore,
—eBh _ eB
(D) /dxdy|w\2 ; — (2(z — wo) — 2iyo) = S50 Yo (3.35)
and
Bh eB
() = [ dadylvP— 2> 20y = yo) + 2iz0) = = w0 (3.36)

Now we proceed to the variance.

2

@b—-/mwﬁifzwﬂw—mww

2
- /m@WF ((x — @0)? + 4)
e2B? he 232 N
4C2 £ + 402 yO? (337)

and hence
ehB

(Apx)z = <pi> - <px>2 = TC

The result for (Ap,)? is the same. The uncertainty relation is therefore

(3.38)

hic eh B B B2

(AxP(Ap) = 2= — =" (3.39)
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Figure 5: The time evolution of the coherent state Eq. (3.27).

It is the same for (Ay)?(Ap,)?. This state has the minimum uncertainty.
Time evolution of this state is obtained again the same way as in the
harmonic oscillator,

e—z‘Ht/nefaT |O> _ e—th/hefaTeth/he—z‘Ht/ﬁm)
eI 0) e 2, (3.40)

Therefore, apart from the overall phase factor e **2 due to the zero-point
energy, the time evolution is given by replacing the center of the wave function
2o with zpe~**!. Namely,

w(t) _ NOefeB(zifQZO,Ee*i“’tJrzoZO)efiwt/Q. (341>

One can verify explicitly that it satisfies the Schrodinger equation,

mgtw(t) — HO(t) = (;izoe_mi + ;) o(t). (3.42)
The probability density is
|¢(t)|2 _ Nge—eB(sz—%oze*iwt—2zzoeiwt+2zozo)/4hc
_ Nge—eB(z—zoe_“”t)(E—Zoei“’t)/th' (343)

Therefore it has the same Gaussian shape at all times centered at zpe .
Note that the time-dependence of the position 2(t) = zpe™™"' is nothing
but an overall cyclotron motion of the particle. The motion is clockwise, as
expected from the purely classical intuition.

Another interesting one is a manifestly Gaussian wave function centered
at z = zg,

¢ _ Noe—eB(z—zo)(E—Eo)/llhc. (344)
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This state is also an eigenstate of the annihilation operator,

| he eB
ap = _Z\/%B<2a+2hz)¢
| he —eB e
= “op (2 The B )+ 2h> ¢
i |eB
= —5\/%2’0@ (3.45)

with a half the eigenvalue of Eq. (3.27)). This state can be obtained from the
off-centered ground-state wave function at z = z5/2 (see the next section),

NyeeB(zZ—z20+z0%0/4)/dhe. (3.46)

and make it into a coherent state with the operator

P /2B TFal j—eBzozo/16hc _ — (20557 %) ,~eBzoZo/16hc (3.47)
Because 20 = 2hc(z — Zp) on the above off-centered state, acting this oper-

ator yields

20 eB -
_7(28_ 2hc?

e —eBzoéo/lﬁﬁcNO6—63(2’2—22{)-{-2@2@/4)/4710

)
(&
67%)(726’53 (2720)726—;?‘22)67632020/1650]\]0efeB(z27220+z020/4)/4hc

Nye—eB(z=20)(z=20)/4he (3.48)

The time evolution of this state can be worked out in the same way as the
previous example, and we find

eB 14 et

o(t) = Ny exp [_élh ( 2Z — 229 — Zp€ Wtz + 20220>1 —iwt/2 .(3.49)

. —iwt
It shows a Gaussian shape centered at z = oneT, namely a cyclotron

motion around zy/2 going through zg and the origin. One can check explicitly
that it satisfies the Schrodinger equation,

Zhaatgzﬁ(t) = Ho(t) = hw {Czoe—iwt (2 - ) + } B(t). (3.50)
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3.6 Translational Invariance

The gauge Eq. is not translationally invariant. However, the system is
clearly translationally invariant and we expect there is a conserved quantity
due to Noether’s theorem.

The tricky point is that the spatial translation changes the vector poten-
tial Eq. , but an additional gauge transformation can bring it back to
the same form. Under the spatial translation (z,y) — (x + a,y + b),

B

— B —
(3.51)
Correspondingly, the Lagrangian changes by a total derivative
Lo B
5L = 6 (—GA - f) — B sy + sa)
c 2c
eB deB
= ———(—ba ) = ———/(ay — bx). .52
(—bi -+ ag) = S (ay — bo) (352)

In general, if an infinitemesimal change in the variables keeps the La-
grangian the same up to a total derivative %K , the conserved quantity can
be obtained as follows.

ty ty OL oL
5/ti ML — /t dt <8x5x+8m(5x>

tf 8L d OL

The second term vanishes because of the Euler-Lagrange equation, while the
the change in the action is (by definition)

= —(535

d
5 [ arr - dtd—K K(ty) — K(t,). (3.54)
tl 1
Setting Eqs. (3.53}3.54) the same, we find the quantity
oL
—0x — :
55 0% (3.55)

is conserved.
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In our case, the same argument tells us that

B B
g ot (3.56)

Pz — 2c 2c

are conserved. It is easy to check that they commute with

eB eB

oY Iy =py— - (3.57)

Hw: z
Pzt 2c

and hence also with the Hamiltonian H = 5 (II2 + II2).
By applying a translation generated by p, — %y, we find that the state
¥y, is transformed to

; _eB _eB > _eB _eB_2 _ eBg
ez(pm 2Cy)a/ﬁ]\fnzne T ZE :Nn(z+a)”e he?le " 1he % o dhe 27 (358)

Because the prefactor depends only on z but not on Zz, this is indeed another
ground state wave function.

Note that the translation operators that commute with the Hamiltonian
are, up to the normalization, nothing but the “center of the cyclotron motion”

in Egs. (1.16)),

v c e v c e
Ner B S ta), veur g S (hfa),
T T e \Bv T ) y+w y+eBp c
(3.59)
More generally, we can use the linear combinations of X and Y in the

form of b and b' in Egs. 3.13)). Because by = 0 (Eq. (3.14)), only bt

is useful on 1)y, and hence we are led to consider “coherent state”
_./eB s pt _ 5 _ s 9.3 =
e \ 515 Z0b 1/}06 eBzopzo/4hc — N()G eB(zz 2zzo+zoz0)/4hc‘ (360)

It looks deceivingly similar to the true coherent state wave function Eq. (3.27)),
but notice the difference between 2z, vs z9z. This one is a ground-state wave
function, while the true coherent state has the excited states.

3.7 Laughlin’s Wave Function

The fact that all wavefunctions at the lowest Landau level are given by a
factor z" played a crucial role in Laughlin’s theory of fractional quantum Hall
effect, for which he was awarded Nobel prize. If you fill electrons in all of
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the lowest Landau level, one can show that appropriately anti-symmeterized
multi-electron wave function is
U =]z 2j)eine 2B (3.61)
i<j
You can see that the highest possible power in one of the coordinates, say
z1, is N — 1, where N is the number of particles. (We again ignore the
difference between N — 1 and N.) If you fill one electron to each of the
lowest Landau level, the number of particles is N = %, which is indeed
the highest power of z allowed. What Laughlin did to describe a fractional
filling 1/k (k is always odd) with a surprising stability as observed by D.C.
Tsui, H.L.. Stormer, A.C. Gossard, Phys. Rev. Lett. 48, 1559-1562(1982);
http://prola.aps.org/abstract/PRL/v48/122/p1559_1 was to write the
wave function (R.B. Laughlin, Phys. Rev. Lett. 50, 1395-1398 (1983);
http://link.aps.org/abstract/PRL/v50/p1395)

U = [[(z — 2)ke e 255, (3.62)
i<j
Then the highest power of z is k(N — 1), and hence you can put in only
N = %% particles. Indeed, this wave function describes a fractional filling
of filling factor 1/k.
A surprising prediction of Laughlin’s theory was that, if you create a
“hole” on the Laughlin state at position zy by
U =]z — 20) [J (2 — ,z*j)kei%?c LD (3.63)
i i<j
to move all the electrons away from zy, you will lose the overall electric charge
of %e. This is because the additional factor adds to the power in z; by one so
that you have to decrease the number of particles in the second factor for the
system by 1/k to fit in the same radius. The predicted fractionally charged
excitation had been observed experimentally. See, e.g., L. Saminadayar, D.
C. Glattli, Y. Jin, and B. Etienne, Phys. Rev. Lett. 79, 2526-2529 (1997),
http://prola.aps.org/abstract/PRL/v79/113/p2526_1.

4 Translationally-invariant Gauge

Let us pick the gauge Eq. (1.7). This gauge preserves the translational in-
variance along the y direction. The case with the gauge Eq. (1.6]) is comletely
analogous.
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Figure 6: The ground state wave function Eq. (4.4)).

The annihilation operator Eq. (2.2)) is given in this gauge as

a= \/E 7; (Vx - (—ivy - ?595)) . (4.1)

Note that there is no y dependence as expected from the translational in-
variance, and hence we can take plan wave solutions

U(z,y) = d(a)e™. (4.2)
Then the annihilation operators becomes
c h eB
= -\ Ve — (k) — — . 4.3
“ TV 2ehB i (V (y hcx)) (43)
The (unnormalized) ground-state wave function is then easily obtained as
" iy — 2 ey (4.4)
=e —— |- — . .
0= P T ope T e

The wave function is a strip stretched along the y axis, while is centered at
T = e%ky as a Gaussian.
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Note that the center of the cyclotron motion Eq. (1.16)) in this gauge is
given by

c eB c c
Tt (py c w) el y=ep? (4.5)

Therefore, Eq. 1) is an eigenstate of X = f—ékjy, precisely where the strip
is located along the z-axis.

One can again ask how many states there are. Let us say that the system
is approximately rectangular d, x d,, in size. For the center of the wave func-
tion to be contained in [0, d,] along the z-direction, we need k, € [0, 2d,].
On the other hand, if we employ a periodic boundary condition along the
y axis, k, is quantized: k, = 27n/d,. Therefore, within the range allowed
for k,, there are %dxg—; = <2 with the magnetic flux ® = Bd,d,. This is
the same counting as in the case of the rotationally-invariant gauge. If the
system is large enough, we don’t expect the result to depend on details of the
boundary conditions nor the shape of the system. The agreement confirms
this expectation.

The probability current of the ground-state wave function is

1 B
7= (1, = <o) o (0, ). (16)

Therefore, it is only along the y-direction, but the probability flows along
the negative y direction for z > f—gky while along the positive y direction for
x < f—gk‘y. At the center of the wave function, there is no probability flow.
Overall, there is no probabiliy flow after integrating over the x direction.

This gauge is particularly useful to study the Hall current because of
its translational invariance. A constant electric field along the positive z-
direction can be added to the Hamiltonian as

1 1 B \?
—(+1I}) — eEx = 5 (pi + (py - ecx) ) —ekbx. (4.7)

H—
2m

Using plane waves along the y direction e*+¥ again,
1 eB \?
H=—(p+ (hk - :c) _ ¢Ex. 48
2m (px Y c ( )
We can complete the square for x,

1 eB me 2 c 1 /mec 2
(e (it B o)) i o L ()
2m (px+ Y cx+eBe > yeB6 2m eB6

(4.9)
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The ground-state wave function peaks at a shifted =,

, eB he c\? ?
oy = exp (zkyy = one (m — e—Bky —m <eB> eE) ) : (4.10)

The probability current is still given by the same expression Eq. (4.6]), but the
peak value of x is different. Therefore, there is a net flow of probability along
the negative y direction (if e £ > 0), as expected from classical considerations.

2
At the center z = ?—gk‘y +m (5) eE, the velocity of the probability flow is

= ——¢F=——. (4.11)

This is again what we expect from classical considerations.

5 Spin and Supersymmetry

It is straightforward to include the electron spin into the Hamiltonian with

the magnetic moment [ = 92‘;‘1,

1 = 1
H = hw (aTcH—Q) —g—>5-B=hw (aTa—i—z—'ZaZ). (5.1)

Here, we used the fact w = ;—Bc and s, = ho,/2.

There is a remarkable point about the electron with ¢ = 2. The ground
states with o, = +1 has precisely zero energy, while the ground states with
0, = —1 and the first Landau level with o, = +1 are degenerate.

This point can be understood by defining the operator

1
Q= \/; (0,11, + o, 11,) (5.2)

The square of this operator is

1
Q? — o (112 + 112 + 0,0, IT, 1, + 00, 11,11, )
1
= — (02112 + 03112 + i [0, T1, )
1 ehB
= —(IB+13) - -—0,=H :
2m( - 1) ome’” ’ (5:3)
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Figure 7: The Landau levels with spin and g = 2. Each level is degenerate
between the spin up and down states, while the ground state has precisely
zero energy with only the spin up state.

precisely the Hamiltonian with ¢ = 2. One can further rewrite this operator

as a matrix
B 1 0 11, —IL,
Q = \/ ( 11, + 411, 0 )
B / /2ehB ( 0 af )

= w<2 %T> (5.4)

Therefore, () takes the state to a higher Landau level and raises the spin, or
to a lower Landau level and lowers the spin. Because () commutes with the
Hamiltonian, ) does not change the energy. This way, we can see why each
Landau level is degenerate between the two spin states. Namely, each state
comes in degenerate pairs, |i) and Q|i). However, the ground state, namely
the lowest Landau level with spin up

( 1/(’)0 ) , (5.5)

is annihilated by @), and is not degenerate with the opposite spin state.
Moreover, it has precisely zero energy H = Q% = 0.

This operator () is called supercharge, and the symmetry generated by it
supersymmetry. In general, when there is a set operators that anti-commute
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{Qi,Q;} = 0for i # j, and if the Hamiltonian is written as a sum of squares,
H = Q%+ -+ + @Q?, the operators ; are called supercharges. Then the
Hamiltonian commutes with all supercharges, and hence the supercharges
are conserved. The Hamiltonian is said to be supersymmetric. The ground
state is annihilated by them ;|0) = 0 for all i. The pair of states related by
the action of a supercharge is called superpartners. The relativistic version
of supersymmetry is a crucial ingredient of the string theory.

A Precise Counting of the Degeneracy

This appendix is only for the mathematically inclined, and you can skip it
entirely if not interested. The degeneracy of the ground states can be studied
exactly if the system is not an open plane but rather a compact Riemann
surface. We set e = ¢ = h = 1 to simplify notation. Then the conclusion
from Section is that the number of states is approximately N ~ i@,
where ® = B R” is the total magnetic flux.

Let us reformulate the problem of solving for the ground state wave func-
tions so that it can be generalized to Riemann surfaces. We can regard the
electromagnetism with a background magnetic field in two-dimensions as a
complex line bundle over a complex plane. The gauge connection in the
symmetric gauge is

B
A = —(—ydx + zdy)

2
B i(z—2)dz+dz z+Z—i(dz—dz), B, _ o
—( 5 5 + 5 5 )= Z( izdz 4 izdZ).

2
(A.6)

Using a “complexified” gauge transformation, i.e., extending the structure
group from U(1) to GL(1,C), we can transform the gauge connection to

A=A+ (0+09)A,
A = —igidz (A7)

with the gauge parameter A = —i%iz. Namely, A, = —i%z, As; = 0.
Note that this gauge transformation changes the inner product of the wave
functions to [ dwdyy*yeB?/2 because GL(1,C) is not unitary. Then the
ground state equation in this gauge is simply (0+A;)1 = ¢ = 0. Therefore,
the question is to find a complete set of holomorphic functions. As seen
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below, the precise mathematical question is: how many holomorphic sections
are there for a twisted holomorphic line bundle on a Riemann surface?

A1 S?

As a way of making the system to have a finite area, let us make the plane
into a sphere S? by identifying the infinity in all directions. The first point
to note is that the system is now basically the surface that surrounds a
magnetic monopole. Therefore, the amount of the magnetic charge “inside”
the sphere must be quantized. It can be re-expressed as the requirement that
Js2 B = 27w N, where N is an integer, because we had taken e = h = c = 1.
Second, we must use a complex coordinate to describe the sphere. The
convenient choice is the so-called projective coordinate. You place a sphere
on a plane, so that the south pole of the sphere touches the plane. Then
draw a straight line from the north pole through the sphere down on the
plane. One can use the coordinate of the complex plane to refer to the point
on the sphere where the straight line goes through. The north pole is z = oo.
The volume two-form of the sphere is w = idz A dz/(1 + 2Z)?, normalized as
Jg2 w = 2m. To switch to a coordinate that is regular at the north pole, one
can attach another plane on the sphere, so that the sphere touches the plane
at the north pole. The coordinate w on the second plane is related to that
on the first plane as w = 1/z. It is easy to verify that the volume two-form
w is invariant under this coordinate change, (iflj;\g)z; = (iflf@ﬁg??' The magnetic
field is a two-form, B = B,zdz A dZ = Nw so that its total flux through the
sphere is 2w N.

In the holormophic gauge, B = Nw = 0A with A = 0, and hence
A = —Nizdz/(142Z), regular at the pole z = 0. At the other pole z — oo, we
can do the coordinate transformation z = —1/w, and A = Nidw/w(1+ww),
clearly singular at w = 0. We need to perform a gauge transformation
A=A —iwNow™N = —Niwdw/(1 + ww), a perfectly regular form. There-
fore the required transition function is w" = (—=1)"2z=". The ground-state
wave functions are holomorphic functions that transform under this transi-
tion function and are regular at both poles z = 0 and w = 0. The complete

set of such functions are: 1,z,---, 2", which transform to w™,w™ ! ... 1
and hence are regular at both poles. There are N 4 1 independent functions
Yp(z) = 2¥ for k = 0,---,N. It is consistent with our original estimate
N ~ ®/27.
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To go back to the non-holomorphic but real gauge, we need

A = A—i(1+22)N2d(1 4 2z)~ N2
1z2dz Nzz+ zz
-+ 1= -
1422 2 1422
Ni(zdz — zdz)
2 142z

(A.8)

This form is manifestly real, A* = A. It requires the gauge change 1 (z) —
Ur(2)(1 4 22)~N/2. These are reminiscent of the wave functions on the plane
in the symmetric gauge.

The inner product of the wave functions is therefore [ Gr25x(2)"¥(2).
It correctly accounts for the needed gauge transformation under the coordi-
nate change z = —1/w,

[ O = [ )
- [ e ). (A)

A.2 T?

Another way of making the area finite is to impose a periodic boundary
condition, by identifying x ~ x4+ 1, y ~ y + 1. This identification defines the
two-dimensional torus 72. We introduce the complex coordinate z = x + Ty
(37 > 0). The parameter 7 specifies the complex structure. The period is
z — z+1and z — z+ 7. The volume two-form is w = 2wdx A dy = 27?%‘?.
The magnetic field is B = QWN%, and A = —QWN@ so that it is
invariant under z — z+ 1. For the other period z — z+7, A — A—271Ndz.
It can be compensated by the gauge transformation A — A+ 927Nz + ¢),
where ¢ is a constant. Therefore, the wave function must also be gauge
transformed by e??™V**i for » — 2 4+ 7. Note that the gauge transformation
has the correct periodicity for z — z-+1 despite its non-trivial z-dependence.
We look for holomorphic functions that are periodic under z — 2z + 1 and
quasi-periodic under z — z + 7 with the change by e~ #™V=~ic,

One parameter O-functions of level N are defined by

Omn(z) = S emiTNi 2Nz (A.10)

JEZ+ %
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There are N independent ©-functions for m = 0,---, N — 1. They obviously
satisfy ©,, x(z + 1) = O,, 5(2) because Nj € Z and hence e?Ni+1) —

e?™Niz The quasi-periodicity for z — z 4+ 7 can be seen as
NN
@m’N(Z + 7_) _ Z €7TZTN] 627erj(z+T)
JEL+F;

_ Z eﬂiTNj2+27riTNj p2miNjz
JEL+5
_ Z em‘TN(j+1)2—m‘TN€2m‘sz
JEZ+5
. . 5 Al
— e TiTN Z €7TZ7'Nj 627er(] 1)z
JEZ+ 5
. o . .2 I
= e 7TZ7'N6 2miNz Z e7r7,7'N] e?mN]z
JELATF

— e—ﬂiTNe—Qﬂ'iNZ(_)m7N(z). (All)

Therefore, it has exactly the correct gauge transformation properties under
z — z+1 (trivial) and z — z + 7.
To go back to the non-holomorphic but real gauge, we need

A/ - A-— Z-eiﬂ'N(E—z)Q/Q(f—T)de—zﬁrN(Z—z)2/2(?—T)
_ —27TN(27_ 2)dz _WN(z—z?(dz—dz)
T—T T—T
_ —7rN(z - z)(dz + dz)' (A12)
T—T

This form is manifestly real, A* = A. It requires the gauge change ¥ (z) —
Y (2)emNE=2)?/2(7-7) " These are reminiscent of the wave functions on the
plane in the translationally invariant gauge. In fact, going back to the real
coordinates z = x + Ty, and specializing to the simple case 7 = 1,

@mJV(Z)e—in(Z—z)2/2(7"—T)
_ Z oiTNG? 2miNjz ,—imN (2-2)? /2(7—7)
JEZ+ T
. Z o~ N2 2miNj(a+iy) ,~wNYy?
JEL+
_ Z p2miNjz =7 N (y+)° (A.13)

JEL+TF
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Each term is precisely of the form Eq. in the translationally invariant
gauge (with x and y interchanged), summed up over j to force the periodicity
under z — = + 1.

The inner product of wave functions is

[wemNEIET )2, (A.14)

and indeed this definition is invariant under the change z — 2z + 7,
/wefiﬂN(2+7’-fzfr)2/(7’-fr)w(z + T)*w(z + 7_)
_ /we—iﬂN(E—z)Q/(f—T)e—iQﬂN(E—Z)e—in(?—T)¢(Z + T)*@ZJ(Z + 7_)
_ /we—in(E—z)Q/(?—T) (6i7rN7'6i27erw(z + T))*eiﬂNTeiZWNzw(z + 7_)
- / we— TN E=22/(T=1)) () (). (A.15)

Here, we used the quasi-periodicity Eq. (A.11]).

A.3 General genus

The mathematical question is: how many holomorphic sections are there
for a twisted holomorphic line bundle on a Riemann surface? The answer
is given by the index theorem for the twisted Dolbeaux complex and the
Kodaira-Nakano vanishing theorem. The index theorem says that the num-
ber of holomorphic sections of A% type minus that of A9 type is given
by the Chern and Todd class [ch(V) A Td(M) = ¢; — g. Here ¢; is the first
Chern class ¢; = i JF = %, and g is the genus of the Riemann surface.
For instance, g = —1 for a sphere, g = 0 for a torus (i.e., periodic bound-
ary condition). Fortunately, there are no holormophic section of A0 type
according to the vanishing theorem and hence this index is nothing but the
number of holormophic sections of A9 type we are looking for. See, e.g.,
T. Eguchi, P.B. Gilkey, and A.J. Hanson, “Gravitation, Gauge Theories, and
Differential Geometry,” Phys. Rept. 66, 213 (1980), p. 118, and P. Grif-
fiths and J. Harris, “Principles of Algebraic Geometry,” Wiley (1978). Apart
from the genus dependence, this precise result is consistent with our original
estimate N ~ ® /2.
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