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HW 8

1. Stern—Gerlach, spin=1

The programis to computethe eigenvectoref J, , andtheir overlapswith theJ, = 7 state.

Fromthedefinition of theladderoperator{SakuraiEq. 3.5.5),Jx = (J; +J_)/2, andJ. are(SakuraiEqs.3.5.39-41):

ip=n{{0o, ¥2, 0}, {0, 0, ¥2}, {0, 0, 0}};
jm=n{{0, 0, 0}, {v2, 0, 0}, {0, V2, 0}};

jx=(@(p+jm /2
Solvefor theeigenvectorsf Jy :

j xsol = Ei gensyst em[j x]

{{0, -n, n}, {{-1, 0, 1}, {1, -v2, 1}, {1, V2, 1}}}
Extractandnormalize:

jxup =jxsol [[2, 3]11/Sqrt [jxsol [[2, 3]].jxsol [[2, 3111
jxm =jxsol [[2, 1]1]1/Sqrt [jxsol [[2, 11].]jxsol [[2, 1111
jxdn=jxsol [[2, 2]1]1/Sqrt [jxsol [[2, 21].]xsol [[2, 2]1]1]

1 1
{5 Ne >}
7 0 )
1 1 1
{?’ 7%’ 7}

The probabilityfor eachstateis the squareof the overlapwith J, = #:
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jzup={1, 0, 0};
(i zup. j xup)?
(j zup. j xm )2
(j zup. j xdn)2

NS

N =

N

As onemight expect: the probabilitiesaddup to 1, the Jy = 0 probabilityis highest,andthe probabilitiesof J, =z and
Jyx = —h areequal.

N.B.: TheJs eigenstatesanalsobeobtainedby applyingan/2 rotationabouty to theJ, eigenstates.
2. Wigner—Eckhart, rank=2, 3

(a) Wemustcalculate
(33 1Qo [¥33) = [drr2 RR(Nr2 [dQYs3(6, ¢)° 2 Y336, ¢)
with
% - L 32 -r?)= 3 (3cog 0-1).
Let usignoretheradialintegral(which alwaysfactorsout assuch)andcomputetheangularintegral.
First, definetheQ operatorasabove anda delayed—evaluatiofunctionfor theinnerproduct:

1 2
q0=5 (3Cos[e]° -1);

shavg[n2_, g_, ml_]: =1 ntegrat e[Conj ugat e[Spheri cal Harnoni cY[3, nR2, 6, ¢]1]
g Spheri cal Harnoni cY[3, nml, 6, ¢] Sin[e]l, {6, 0, =w}, {¢, 0, 2x}];

Ok, compute:

q0a33 = shavg[3, q0, 3]

(b) Usingtheresultabove thedouble-bainner-producbnthe RHS of the Wigner—Eckhartheoremis
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dbavg = q0a33 /O ebschGordan[{3, 3}, {2, 0}, {3, 3}1*V7

7
_2_5

Then,we caninsertthisin agenerafunctionfor anym, andm :

weavg[m2_, q_, ml_]:=d ebschGordan[{3, nl}, {2, q}, {3, n2}] =dbavg/V7;

More legibly,

(3, M | (@2) |3 mi) = ()@ 2 mi,q13, 2.3, me) (-2 15 )

OntheRHS,thefirst factorcomesfrom 1/\/ 2j1 +1 wherej; = 3 isthetotalangulatmmomentuneigenvalueof the ket.
The secondactoris the Clebsch—-Gordanoefficientof

[, m)® 1K g)—=1|]2, M)
written in the notationof Sakurai;for this problem,j; = j, = 3 for thel = 3 ket andbrarespectivelyandk = 2 for the
quadropoleensor. For anon-zeroresult,my +g=m, and|j1 — j2 | <k<]1 + J2 (whichis alreadysatisifedfor usas
0<2<6).
The third factoris shownto exist by the Wigner—Eckhartheoremwritten (3| Q|| 3) in the notationof Sakurai. It is
independentf "magnetic”(i.e., orientational)quantumnumberam, , m, andq, dependingonly on the "shape"quantum

numbersj; , j, andk, (If wewishedto includeanyradialdependencet would behereaswell.)

(c) LetusdefineourQ operatorsn similarfashionto part(a):

,3
qpl = - r (Sin[e] Cos[¢] +| Sin[e] Sin[¢]) Cos[e];

[3
qne = 5 (Sin[e] Cos[¢] -1 Sin[e] Sin[¢])?;

And computetheinnerproductsusingthe’shavg’ functionfrom part(a):

shavg[1, gpl, 0]
shavg[-1, gn2, 1]
shavg[-2, 0, -3]

V2

1

5
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Compareto theresultsusingthe Wigner—Eckharfunctionfrom part(b):

weavg[l, 1, O]
weavg[-1, -2, 1]
weavg[-2, 0, -3]

V2

5

2

2
3
5
O ebschGordan: : phy : ThreedSynbol [{3, -3}, {2, 0}, {3, 2}] is not physical. More...

0

Indeed theyarethe same.

3.j1=3/2, ], =1 C-G coeff’s [optional]

Thefirst Clebsh—GordafC—-G) coefficientis by convention:
C@B/2,1,5/2;3/2,1,5/2)=1
wherewe haveusedthe easy—-to—-typaotationC(j1, j2, j; M, My, m).

Let usimplementtheloweringeigenvalue:

lower[j , m]l=(G +m ( -m+1);

We now startsteppingdownwardfrom the givenmaxz stateandsolving for the C—G coefficients,usingthe C-G recursion
relation(SakuraiEg. 3.7.45). Firstm= 3/2:

lower [3/2, 3/2]1/1lower[5/2, 5/2]
| ower [1, 1] /lower[5/2, 5/2]

3
5

2
5

C3/2,1,5/2:1/2,1,3/2) = V3/5
C3/2,1,5/2:3/2,0,3/2)=V2/5

m=1/2:
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V3/5 lower[3/2, 1/2]/lower([5/2, 3/2]
AV3/5 lower[1, 1] /lower [5/2, 3/2]

V2/5 lower[3/2, 3/2]/lower[5/2, 3/2]
N2/5 lower [1, 0] /lower [5/2, 3/2]

3
10

3
5
2
/ %

2

1
V10

C(3/2,1,5/2,-1/2,1,1/2) =v/3/10
C(3/2,1,5/2,1/2,0,1/2)=+3/5 /2 +V/3/5 /2=+3/5
C(3/2,1,5/2; 3/2, -1, 1/2=+1/10

Notethatsincethe2ndand3rd brancheendupas | 3/2, 1/2)® | 1, 0), we justaddtheir contributions.

m=-1/2:

/3710 lower[3/2, -1/2]/lower[5/2, 1/2]
A/3/10 lower[1, 1] /lower [5/2, 1/2]

V3/5lower[3/2, 1/2]/lower[5/2, 1/2]
A3/5 lower [1, 0] /lower [5/2, 1/2]

V1710 lower[3/2, 3/2]1/lower[5/2, 1/2]

BN =t

1

)]

1

\/30

C(3/2,1,5/2;-3/2,1,-1/2)=+1/10
C(3/2,1,5/2; -1/2,0,-1/2)=1/+/15 +2/V/15 =/3/5
C(3/2,1,5/2;1/2,-1,-1/2)=+v2/15 ++1/30 =+/3/10
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Notethatwe omittedthelastbranch becausé wouldinvolve lowering | 1, —1).

m=-3/2:

V1710 lower [1, 1] /lower[5/2, -1/2]

V3/5 lower[3/2, -1/2]/lower[5/2, -1/2]
V3/5 lower [1, 0] /lower [5/2, -1/2]

V3710 lower [3/2, 1/2] /1l ower [5/2, -1/2]

1
V10
3

N

N
o w

[ER

o

FN

N

C(3/2,1,5/2;-3/2,0,-3/2)=+v1/10 /2++9/10 /2=+2/5
C@3/2,1,5/2,-1/2,-1,-3/2=+V3/5 [2+V3/5 /2=+/3/5

Herewe omittedthefirst andlastbrancheslueto annihilation. Also, theseresultsarethe sameaswith |5/2, 3/2), which
onewould expectby symmetry.

Finally, m= -5/2:

V2/5 lower [1, 0] /lower [5/2, -3/2]

V3/5lower[3/2, -1/2]/lower[5/2, -3/2]

gw N

C@3/2,1,5/2,-3/2,-1,-5/2)=2/5+3/5=1

Thistoois the necessaryesult,bothby conventionandsymmetry.
We havecomputedall the non-zeroC-G coefficientsfor j = 5/2, aswe havecoveredall the possiblewaysto createl,
states-5/2<m=<5/2 with |3/2,m)® |1, mp). Clearly,onecangeneralizehis procesaisingatreealgorithm.

However,we arenot done—— we mustalsocalculatethe C-G coefficientsfor the j = 1/2, 3/2 representationsUnfortu
nately,thereis no singleextremez stateto exploitin thesecases.Whatarewe to do?

Oneoptionwould be to generatea closedformulafor the C—G coeff's for fixed my andm, by multiplying the eigenvalues
from repeatedapplicationof the lowering operatorthenusingthe argumenthatthe C-G coeff’'s mustform an orthogonal
transformatiorbetweerthebases| j, m) and | j3, m)® | j2, M) (seeSakurai,Section3.7).

However,sincewe’ve delineatedill thej = 5/2 C-G coeff's,we cantakea shortcut. We know thatthe differentrepresent:
tionswe getwhenaddingangularmomentumareseparat@ndirreducible,soeigenstatefrom differentrepresentationwith
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the samez eigenvaluemust be orthogonal. Indeedthe numberof ways to producea particularz statewith
[ j1, M) ® | 2, M) is equalto thenumberirreduciblerepresentations.

Knowing this, we canimmediatelywrite down the C-G coeff's for the max-z stateof the sumrepresentation = 3/2,
13/2,3/2):

C@3/2,1,3/2;1/2,1,3/2) = -V2/5
C@3/2,1,3/2;3/2,0,3/2) =3/5

Notethatwe havefixed a signconvention.

Now we proceedn thesamefashionaswith j =5/2, firstm=1/2:

-V2/5 lower[3/2, 1/2]/lower[3/2, 3/2]
-V2/5 lower [1, 1] /lower [3/2, 3/2]

V3/5lower[3/2, 3/2]/lower([3/2, 3/2]
A/3/5 lower [1, 0] /lower [3/2, 3/2]

2
_2_5

2
15
3

%

2
5

C(3/2,1,3/2,-1/2,1,1/2)= -V/8/15
C(3/2,1,3/2,1/2,0,1/2)=-2/y15 +3/V15 =v1/15
C(3/2,1,3/2;3/2,-1,1/2)=V2/5

m=-1/2:
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-V8/15 lower [3/2, -1/2]/lower [3/2, 1/2]
-V8/15 lower [1, 1] /lower [3/2, 1/2]

V1715 lower[3/2, 1/2]1/lower[3/2, 1/2]
A1/15 lower [1, 0] /lower [3/2, 1/2]

N2/5 lower[3/2, 3/2]/lower([3/2, 1/2]

SN

2
/15
5

[EnY

1

Wi
N
5o

C(3/2,1,3/2,-3/2,1,-1/2) = -2/5
C(3/2,1,3/2,-1/2,0,-1/2)= -2 /15 + 115 = -v/1/15
C@3/2,1,3/2;1/2,-1,-1/2)=+/1/30 +V9/30 =v/8/15

Onemight expectthis resultvia symmetry takinginto accounthe minussign.

m=-3/2:

-V2/5 lower[1, 1] /lower[3/2, -1/2]

-V1/15 lower [3/2, -1/2]/lower [3/2, -1/2]
-V1/15 lower [1, O] /lower [3/2, -1/2]

V8/15 lower [3/2, 1/2] /1l ower [3/2, -1/2]

g

N
ﬁ w
o

3

C(3/2,1,3/2,-3/2,0,-3/2)=-2/y/15 -1//15 = -/3/5
C(3/2,1,3/2,-1/2,-1,-3/2)=-V2/5 /3+4+2/5 /3=+/2/5
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Again, we could havepredictecthis resultby symmetry;or, calculatedt directly by orthogonalityto |5/2, —-3/2).

Finally, for j =1/2 we canagainconstructthem=1/2 state,andthereforethe C-G coeff's, by orthogonalityto both
|5/2,1/2) and|3/2,1/2). Thenwesolve

v3/10 x+V3/5y++v1/10z=0
-V8/15x++V1/15y++2/52z=0

wherex, y, z arethe C-G coefficients

Solve[{V3/10 x+V3/5y+V1/10 z =

-V8/15 x+V1/15y+V2/5 2 =0, x* +y? +2 =1}, {X, y, z}]

{{Z%—L, x+—i, yei}, {Z%L, X+L6, ye—%}}

to get

C@/2,1,1/2,-1/2,1,1/2)=v1/6
C@3/2,1,1/2,1/2,0,1/2)=-v1/3
C@/2,1,1/2,3/2,-1,1/2)=v1/2

wherewe havechosera signconvention.

We candothesameform=-1/2:

Solve[{V1/10 x+V3/5y+V3/10 z =

-V2/5x-V1/15y+V8/15 2 =0, x? +y? +2? =1}, {X, y, z}]

({zo-—t xo-t, y, L

1 1
75 ﬁ,yeﬁ}, {zeﬁ,Xeﬁ,ye——Q)}}

to get

C@3/2,1,1/2;-3/2,1,-1/2) =V1/2
C(3/2,1,1/2:-1/2,0,-1/2) = —\1/3
C@3/2,1,1/2;1/2, -1, -1/2)=V1/6

4. Fun with Y| ,’s [optional]

(a) Theraisingoperatorin the positionrepresentatiors
Ly =(-imé?(i (;9—9 - cotd %)
(SakuraiEq.3.6.13). Applying it to Yz ,

Spheri cal Harnoni cY[2, 2, o, ¢]

1 2is [15 & 2
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10

(-1 n)e'® (1 D[% o] - Cot [6] D[% ¢1)

(b) Theloweringoperatolis
L. =(-ih)&¢(-i 5 —cotd 5-) .
We implementbothit andits eigenvalue

lowy[y_]:
| owyv[m ]

(-1 n) Exp[-1 ¢] (-I D[y, e] - Cot [6] D[y, ¢1);
V(@+m (2-m+1) B

andapplyit repeatediyto Yz, :

y21 = | owy [Spheri cal Harmoni cY[2, 2, 6, ¢]] /]| owv[2]

1 54 15 .
5 e ﬁCos[e} Sin[o]

y21 - Spheri cal Har noni cY[2, 1, 6, ¢]
0

y20 =Simplify[l owy[y21] /l owyv[1l]]

é % (1+3Cos[26])

Si nplify[y20 - Spheri cal Harnoni cY[2, 0, 6, ¢]]
0

y2nml = | owy [y20] /| owyv [0]

1 i 15 A
-i¢
T e 50 Sin[206]

Si nplify[y2ml - Spheri cal Harnoni cY[2, -1, 6, ¢]]
0

y2n2 = Sinplify[l ow [y2ml]] /|l owyv[-1]

1 5. |15 o«
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11

Si nplify[y2nR2 - Spheri cal Harnoni cY[2, -2, 6, ¢]]
0
Iowy [y2nR]
0
(c) Createaplotting function

ploty[m ] :=ParanetricPl ot 3D[
Conj ugat e [Spheri cal Harnoni cY[2, m e, ¢]1] Spherical Harnoni cY[2, m 6, ¢]
{Sin[e] Cos[¢], Sin[e] Sin[¢], Cos[e]}, {6, O, 7}, {¢, O, 2x}, PlotPoints-50];

andplot | Yo |> form=0, 1, 2:

Tabl e[pl oty[m], {m 0O, 2}];
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