Physics 221B: Solution to HW # 7
Nuclear Physics!

1) 2°Po and the Nuclear Shell Model

giOPo has 126 neutrons and 84 protons. 126 is a magic number, which

means the neutrons form a complete shell. Exciting a neutron will cost a lot
of energy so the low lying excitations will be due to excited protons. 82 is
also a magic number, so the low lying excitations will be due to the ‘extra’
two protons.

The two ‘valance’ protons are in the state 1hg, which is part of the
5hw oscillator state, with odd parity. The lowest lying states will have both
protons in 1hg/5. Adding angular momentum in the usual way ,these states
will have a total angular momentum of

9 9

J—§><§—0,1,2,...,9 (1)
and will have odd xodd=even parity. Next, we demand the fermionic wave-
function for the two protons be anti-symmetric. Since both protons are in
the same energy level and with the same J (they differ only in J,) anti-
symmetry will disallow certain values of total angular momentum. Specifi-
cally we demand that if we interchange J; , and Ja , the wavefunction will
change sign. Recall that when adding angular momentum of two identical
states with the Clebsh-Gordon procedure the highest J state is always sym-
metric (for all J;), the second highest will be anti-symmetric, and so on. In
our case, the possible values of J from Eq. (1) reduce to

J=0%2" 4% 6" 8" . (2)

Indeed, these are the five lowest states according to the data given. We can
claim to explain the order by the tendency of protons to pair with their
time-reversed state. The J = 0 state, with the angular momentum of the
protons anti-aligned, is precisely such a time-reversed pair and is therefore
the ground state. The 87 state is the least favored by this effect, with 2+, 4%
and 67 in between.

The next excited levels will be due to exciting one of the protons to the
next level which is 2f7,, with odd parity as well. The parity of the next
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excited states will still be oddxodd=even. Adding angular momentum, we
expect the next states to have

x ~=1,2,...,8 (3)

Since the two protons are in two different energy levels we have the extra
ambiguity of which proton is in which level. Anti-symmetry can be achieved
by writing a Staler determinant every time we write a product of two states.
Therefore all of the states above are allowed by anti-symmetry considera-
tions. (including 17, contrary to what many of you said, trying to explain
its absence in the spectrum). Indeed the states 2% through 8% appear next
in the spectrum but in a peculiar order (disregarding states with ‘+’ parity).
I don’t know of a good argument for the ordering of these states but ap-
parently even .J is favored. The state 17 is absent, with no obvious reason.
A possible guess is that it is disfavored by the effects that determine the
ordering of these states and that it is pushed higher up in the spectrum,
outside of the range we were given.

2) Iso-Multiplets of *C, N and O

All three nuclei discussed have 14 nucleons and therefore are connected
through ‘isospin rotations’. It makes sense to classify the different exci-
tations of these nuclei into multiplets with a certain isospin. Carbon and
Oxygen have an isospin in the z direction of I, = +1 and I, = —1 re-
spectively. Clearly they cannot be part of an /I = 0 multiplet (singleplet).
Nitrogen, on the other hand, has I, = 0 and therefore can be part both
I =0or I =1 multiplets.

How can we figure out which states go with which? This question of
course applies only to the I = 1 case because as we already stated, the
I = 0 singleplets will only be states of Nitrogen i.e. excitations of 4N that
are not part of an I = 1 multiplet will have I = 0.

The most simple criterion for finding candidates for isospin multiplets
is demanding they have similar non-iso quantum numbers (J and parity).
Since isospin generators commute with everything else, we can’t expect to
change angular momentum or parity with an iso-rotation. The second but
more loose criterion is to have matching energy levels. This is obviously not
exact, since isospin is not an exact symmetry, but we can generally expect
the multiplets to appear in the same order in energy. Note that in the data
given the energy for each nucleus is counted from the ground state of that
nucleus. If we want the last criterion to roughly work we need to shift the



energies correspondingly e.g. set the first I = 1 multiplet degenerate, or
lookup what the ground state energies really are.

The following plot was taken form the TUNL Nuclear Data Project web-
site at http://www.tunl.duke.edu. I thank Jeff Vieregg for referring me
to this website in his solution.
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