221A Lecture Notes

Spherical Harmonics

1 Oribtal Angular Momentum

The orbital angular momentum operator is given just as in the classical
mechanics,

=

L=2%xp. (1)

From this definition and the canonical commutation relation between the po-
sition and momentum operators, it is easy to verify the commutation relation
among the components of the angular momentum,

[LZ, LJ] = ZhEl]kLk; (2)

When using the position representation, the action of the angular mo-
mentum on any state is given by a differential operator
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Loosely, we can write
— h —
[L=Fx-V, (4)
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but you have to be careful on what this differential operator is acting on. If
you act on a position ket instead of a bra,

L|7) = -7 x ?6@. (5)
Whenever I write the orbital angular momentum operator as a differential
operator in this note, it is understood that it acts on a position bra instead
of ket.
With this caveat in mind, we can rewrite the orbital angular momentum
operator in the polar coordinates. Following the usual definitions

= rsinfcos ¢,
= rsin#sin ¢,
z = rcos, (6)



we can rewrite the derivatives using the chain rule,
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We invert the matrix and find
0y 1 rsin®fcos¢ sinfcosfcos¢p —sine 0,
0y | =— rsin?fsing sinfcosfsing  cos o d |. (8)
(82) rsm@( rsin 6 cos 6 —sin? 6 0 ) (%)

Now the orbital angular momentum operators can be written in terms of
spherical coordinates,
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It is useful to take the combinations
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The free-particle Hamiltonian is
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Looking at the expression for L., you can see that it is of the same form
as the momentum operator of a particle on a circle, whose eigenvalues are
quantized as nh for n € Z. Therefore, L, is also quantized as mh for m € Z.
An immediate consequence is that no half-odd values are allowed for L., and
hence half-odd j cannot be obtained for orbital angular momentum. Only
integer j is possible.



2 Spherical Harmonics

Now we look for eigenstates of L2 and L, to find the Hilbert space for the
orbital angular momentum.

In any spherically symmetric systems, energy eigenstates can be given by
produce wave functions of the form[

(T) = R(r)Y,™(0,9). (15)

In other words, we are parameterizing the position eigenbasis in terms of
polar rather than Cartesian coordinates,

(7] = (r0,9l. (16)

The spherical harmonics are defined as the wave functions of angular mo-
mentum eigenstates

V"0, ) = (0,0[l,m). (17)

Sakurai uses the notation (77| and call them “direction eigenkets.”
Clearly, the defintions of angular momemum eigenstates

L2li,m) = 11+ 1AL, m), (18)
Lofl,m) = mh|l,m), (19)

translate to the differential equations
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sin 6 00 90 ) " sin®0 0¢?
ho. .. m
The latter equation is easy to solve: the azimuth dependence of the spherical
harmonics must be ¢™¢. But figuring out the polar angle dependence needs
more work. The rest of the discussion here is on this issue.
Both in the case of the harmonic oscillator and the Landau levels (energy
levels of a charged particle in a uniform magnetic field), it was useful to write

*This corresponds to the separation of variables in Hailton—Jacobi theory, where the
action S is written as a sum of different pieces S(r) + S(6, ¢). Because the wave function
corresponds to €?5/7 it is natural for the wave function to be given by a product of different
pieces.



down an equation for the ground state of the form a|0) = 0. It was useful
because it gave us a linear differential equation instead of a quadratic one
(e.g., Schrodinger equation). The linear differential equations are far easier
to solve. We can take the same strategy for the spherical harmonics.

2.1 Derivation of Spherical Harmonics

We know from the general representation theory of angular momenta that
L_|l,—1) = 0 because it cannot be lowered any more. Sakurai starts with
|l, 1) instead. Of course you get the same result, but I find this way somewhat
less confusing. In the position representation, we find

0=(0,6|L_]|l,—1) = ?ew <—ia — cot 98> Y, 746, ¢) = 0. (22)

On the other hand, we know already that

_ ho._ _

and hence the azimuth dependence of Y, is Y;7(6, ¢) = f(#)e~"¢. Therefore,
Eq. becomes

(-ije +il cot 9) £(6) = 0. (24)

This equation is solved easily, by writing it as
1
?df = [ cot 0db, (25)

and integrating both sides to
log f = llogsin 6 4 const. (26)

Therefore,
f(0) = csin' g (27)

with an overall normalization constant c.
Putting things together, we find

Y, 740, ¢) = csin’ e, (28)



The absolute value of ¢ can be fixed by the normalization

1 2T
| = /deY/y? - /_ldcosﬁ/o do|c|? sin 6. (29)

¢ integral trivially gives a factor of 2. The 6 integral is most conveniently
done using the variable x = cos 6,

1
1= 27T|C|2/ dz(1 — %) (30)
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Writing 1 —2? = (1—x)(1+xz), and further change the variable to x = —1+2t,
1 1
1= 27r|c|2/ 2dt (24(2 — 2t))! = 27r|c|222l+1/ dt (1 -1 (31)
0 0

The integral is nothing but the Beta function
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We find
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The phase of ¢ is fixed by picking a convention. The commonly used
convention (the same as Sakurai’s) is not to have an additional phase factor

1 [+ 1)
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Now that we know Y;™', we can keep acting L, on it to obtain all ¥;™.
Recall that the general discussion of angular momentum taught us that

Lyllym) = JII+1) — m(m + D)|l,m + 1) = /(L — m) (I +m + 1|l m + 1),
(36)



Then we find
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Now the question is to bring it to a more usable form.

The ¢ derivatives always give eigenvalues. But each time L, acts, there
is a factor of et and makes the eigenvalue of —id/d¢ increase one by one.
Therefore,
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Here we have cancelled factors of & and 7. The next trick we need is to write
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In the last line, we used the variable x = cos 6.

2.2 Legendre Polynomials

Here are a few new notations. Legendre polynomials are defined by

B = G- (a1
BPa) = (1-a)" R, (12)

The definition Eq. works only for m > 0. Another way to write P/" is
just putting them together,

-1 l dl—i—m

(211!) (1 . l,?)m/deH_m( _ 332)[_
This expression allows you to pick m < 0.

P/™ is called associated Legendre polynomials, and P/ (x) = F,(z). The
definitions look complicated, but they are just polynomials! P, is a polyno-
mial of order [. P/™ has this funny factor (1 —2?)™/? with a fractional power,
but we will set z = cos f in the end, and (1 —22)™/? = sin™ . Remember 0 is
the polar angle, and we only consider 0 < 6 < 7 so that sinf > 0. Therefore,
P/ is a polynomial of order m in sin# and | — m in cos .

Now let us prove a surprising identity

(I —m)!
(I +m)!

() = (43)

B x) = (=)™ B (x). (44)

Let us start with 277 (1 — 22)! for m > 0 which appears in P/"(z). We

expand it out and see how it can be related to L= (1 — 2)!

dl+m dl+m

dpltm

(=) = (-2 a)



I+m dr : dl+m—r .
Even though the sum extends for 0 < r < [+ m, the term in the first
parentheses vanishes for » > [ while the second for [ +m — r > [. Therefore,

the sum is taken only for m < r <. Then
lerm

dx”’”(l )
= 3 O
m+s
Zler m+s(l(_731_i|>!(1_x)l " Sl (1—|—$) (46>

In the last line, I rewrote it with 7 = m + s. Now I multiply it by (1 — z*)™
and divide by it,
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Multiplying both sides of the equation by

(_1)[ dl+m

le(l‘) 2] (1 - IQ)mdeH_m( - x2>l
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R P e ) S S =
(I —=m)! (=1) 201 (1 — a2)m/2 dxl*m(l -7
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This is indeed Eq. .
The orthogonality relation among Legendre polynomials is important:

2 (I4+m)!

T2A4+1(l—m) "

1
[ daPy @) P (a) (49)
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Note that both polynomials share the same m.
It can be shown as follows. In this discussion, we assume m > 0. But
m < 0 case follows from Eq. . We substitute in the explicit expression,

[ dep)pr )
= /_11 dx ((2_7;)'71(1 - x2)m/2$(1 - 1:2)")
- (2:}[1:; [ dn =22 ( - :ﬁ)n> (;;:7;(1 - W) (50)

To show the orthogonality when n # [, let us assume n > [ without a
loss of generality. The point is to keep doing integration by parts so that
d"T™ [dx" ™4 acting on (1 — 2%)"™™ acts on the rest of the integrand. But
the rest is a polynomial of order 2m + 2l — (I +m) =1+ m < n + m, and
its (n 4+ m)-th derivative vanishes. At each integration by parts, the surface
term also vanishes. For the first m-times, the surfact term vanishes because
of (1 — 2?)™ factor. For the remaining n-times, it vanishes because of the
(1 — 2%)™ factor. This proves the orthogonality. When n = I, we again go
through the same procedure and only the top power in x contributes,

1
| dzP (@) P (@)
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_ 1)+ 1
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Change the variable to x = —1 + 2t,
1 . . B (2! (l —|— m)
/_1 drP™ ()P (z) = 2215'1! (z . / 2dt(26(2 — 2t))!
(1 + m) .
N l'l' l — / dtt(
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2.3 More Conventional Expression
Compared to Eq. (40), we see that P/ gives Y™,
20+ 1)(l —m)!
ymo — —1)m zmd)Pm 0
l ( ) \J 47T(l n m) (COS ) (53>
A special case of this is
20 +1
yo /4 ; ) Py(cosd), (54)
When m < 0, an alternative expression is obtained by using the identity
Eq. ,
QL+ 1) = [m])! img plml
Yy = mep, 0).
: J T+ [m))] e ) (cos 0) (55)
In particular, this expression shows a relation
"= (=" (56)
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2.4 Orthonormality and Completeness

You can verify the orthonormality of spherical harmonics explicitly. Here
and below, §2 refers to the polar coordinates 6, ¢, and the integration volume

is d$2 = d cos Odo.

[ aavr @ @y

(20 +1)(1 — m)!

Q20 + 1)(I' — m)!

A (1 +m)!

A (I + m)!

J

1 2 / - o
/ d cos 0 / d$ P (cos ) P (cos )eimbe=m'¢ (57)
-1 0
Because ¢ integral vanishes unless m = m/,
QI+ —m)! | U+ 1)(I" —m)!
= 20 dx P () Py
r0m, dn(l + m)! @y BE @R @)
U+l —m) | U4+1){"—m)! 2 (I+m)!
= 27T5m m/ 5l U
’ 4 (l +m)! Ar(ll+m)! 20411 —m)! >
U+l —m) 2 (I+m)!
= 2 (Sm m/(s / ’
MmO )t 20+ 1 (1 — m)l ™
= Omm Oy (58)

This is an explicit verification of the expected orthonormality
SO = (10|, m) = / A ' |6, 6)(8, $|1, m) = / AV ) Y™, (59)

The completeness relation is

F(Q-) = (0,6]0'¢)

ZZ<97 oIl m)(l, m|0'¢’)
;Em(eﬁ)(?ﬁm(g,cﬁ'))*-

(60)

Here,

§2(Q — ) = d(cosf — cos)5(¢p — @) = M

(¢ —¢'). (61)

sin 6
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2.5 Examples

It is useful to look at a few examples:

1
) = —, 62
0 \/E ( )
3 .
}/1:‘:1 = =+ 877]' sin @eiw, (63)
Y = \/i cos 6 (64)
47 ’
15 -
o or sin? e, (65)
YL = /2 sinfcos et
5 = F sin 0 cos fe™*?, (66)
8T
Yy = > (3cos?d — 1). (67)
167

In spectroscopic symbols, | = 0,1,2,3,4,--- correspond to s,p,d, f,qg,---
orbitals ff

In chemistry and solid-state physics, you see symbols like p,, dy2_,2. They
refer to certain linear combinations of spherical harmonics. The general rule
is to first multiply the spherical harmonics by 7!, and you find

1
YOO = E’ (68)
3 .
= g @t iy), (69)
rY? = 1/4?; z, (70)
15
P = o i), (71)
v = D (wi 72
P = 3o @ ki), (72
ryy = > (322 —r?) (73)
> Vi6r '

s for sharp, p for principal, d for diffuse, f for fundamental, and the rest is just
alphabetical.
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Then you look at z, y, z dependences to identify a particular orbital. Note
that the dependence on r should not be taken seriously; it is supposed to
be multiplied by a radial wave function anyway. We multiplied spherical
harmonics by r! just to make to expressions become polynomials in z, v,
z. From these expressions, it is clear that the p, orbital corresponds to Y,
while p, to (Y + Y1) /v/2 and p, to (V! — Y1) /iv/2. d,2_,2 corresponds
to (V7 + Y3 2)/V2, dy. to (V3 — Y, )/iv2.

I'm sure you have seen “shapes” of spherical harmonics in textbooks. It
is important to understand what they actually are. In many cases, what is
shown is a surface given by points

r=Y"(0. )" (74)

In other words, the distance of the surface from the origin along a direction
is determined by the probability of finding the particle along that direction.
They actually do not represent the “shapes” of the wave function. They just
show along which direction the probability is big or small.

In certain cases, though, these plots do represent the “shapes” of the
actual wave function. Remember that the actual wave function has the radial
wave function on top of the spherical harmonics. Suppose the radial wave
function is a smoothly decaying function, say, e~"/%. Now you try to draw a
surface of constant probability density in three dimensions. Then along the
directions where |Y;™|? is larger, the constant probability is attained even at
higher 7; but along the directions with small |¥;™|?) you need to go closer
to the origin to get the same probability density. Then the plot mentioned
above can approximate the “shape” of the actual wave function. But if
you want to interpret the plots in this manner, it obviously depends on the
details of the radial wave function, and what value you chose for the surface of
constant probability density. Just presenting the “shapes” of, say, p., orbitals
independent of n (the principal quantum number) is therefore misleading.

2.6 Mathematica

It is useful to know that Mathematica has built-in commands for the spher-
ical harmonics SphericalHarmonicY[1,m,f,¢] for Y;™(0, ), the Legendre
polynomials LegendreP [n,x] for P,(z), and the associated Legendre poly-
nomials LegendreP [n,m,x] for P (z).
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