
Midterm

1. Particle on a circle

(a) Into the Lagrangian of a point  particle L = 1ÅÅÅÅ2  mJxÿ 2
+ y

ÿ 2 N, we substitute in  x = R cos q, y = R sin q .  Because the particle

is always at the radius R , xÿ = -R q
ÿ
sin q , yÿ = R q

ÿ
cos q, and hence L = 1ÅÅÅÅ2  m R2 q

ÿ 2
.

(b) The canonical momentum is given by its definition, pq =  LÅÅÅÅÅÅÅÅ
 q

ÿ = mR2 q
ÿ
.  The Hamiltonian is 

H = pq  q
ÿ

- L = pq  pqÅÅÅÅÅÅÅÅÅÅÅÅm R2 - 1ÅÅÅÅ2  mR2 H pqÅÅÅÅÅÅÅÅÅÅÅÅmR2 L2 = pq
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2 .

(c) The Heisenberg equation of motion is
i— dÅÅÅÅÅÅÅd t  q = @q, HD = Aq, pq

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2 E= i — pqÅÅÅÅÅÅÅÅÅÅÅÅm R2

i— dÅÅÅÅÅÅÅd t  pq = @pq , HD= Apq , pq
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2m R2 E = 0.
The solution to the second equation is simply that pq HtL = pqH0L  is conserved, and hence 

qHtL = qH0L + pqÅÅÅÅÅÅÅÅÅÅÅÅmR2  t . 

(d) The position-space wave function is  Xq » pq » k\ = —ÅÅÅÅi  ÅÅÅÅÅÅÅq  Xq » k\ = — k Xq » k\ , and hence yHqL = Xq » k\ = N ei k q .   To normal-
ize  it,  we  require  Ÿ0

2 p » yHqL »2 „ q = 2 pN 2 = 1,  and  hence  N = 1 ëè!!!!!!!2 p ,  yHqL = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p
 ei kq .    In  order  to  satisfy

yHq + 2 pL= yHqL, namely e2 p i k = 1, we need k  to be an integer.

(e) The Schrödinger equation is
i— dÅÅÅÅÅÅÅd t  yHqL = Xq » i — ÅÅÅÅÅÅt » y\ = Yq … pq

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2m R2 … y]= 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2  H —ÅÅÅÅi  ÅÅÅÅÅÅÅq L2  Xq »y\ = - —2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2m R2  2
ÅÅÅÅÅÅÅÅÅq2  yHqL.

Its complex conjugate is
-i — dÅÅÅÅÅÅÅd t  y* HqL = - —2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2m R2  2
ÅÅÅÅÅÅÅÅÅq2  y* HqL.

Using them, we find
ÅÅÅÅÅÅt  r = ÅÅÅÅÅÅt  y* y = y*Ii —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2m R2  2

ÅÅÅÅÅÅÅÅÅq2  yM + I-i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2  2
ÅÅÅÅÅÅÅÅÅq2  y*M  y = ÅÅÅÅÅÅÅq  i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2  Iy* yÅÅÅÅÅÅÅq - y*

ÅÅÅÅÅÅÅÅÅÅq  yM = - jqÅÅÅÅÅÅÅÅÅq .
For the state » n\, we find

r = 1ÅÅÅÅÅÅÅÅ2 p
is a constant for the entire circle, while

jq = —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 i mR2  I e-in q
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p

 Ii n einq
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p

M - I-i n e
-in q

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p
M ei nq

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p
M = n —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p mR2 .

Therefore the probability current is constant flow along the circle depending on the value of n .

(f) The orthonormality is simplyXn »m\ = Ÿ02 p Xn » q\ d q Xq » m\ = Ÿ0
2 p e-i nq

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p
 eim q
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!2 p

 d q = 1ÅÅÅÅÅÅÅÅ2 p  Ÿ0
2 p eiHm-nL  q d q . 

When n = m , the integrand is unity, and hence Xn » n\ = 1ÅÅÅÅÅÅÅÅ2 p  2 p = 1 and is normalized.
When n  m , Xn »m\ = 1ÅÅÅÅÅÅÅÅ2 p  Ÿ0

2 peiHm-nL q  d q = 1ÅÅÅÅÅÅÅÅ2 p A eiHm- nL q
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅiHm-nL E02 p

= 1ÅÅÅÅÅÅÅÅ2 p A 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅiHm-nL - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅiHm-nL E = 0 and are orthogonal.

(g) With the vector potential, there is an additional term to the Lagrangian
Lint = q A

Ø
ÿ vØ = q IAx  xÿ +Ay  yÿ M = q BÅÅÅÅÅ2  d

2
ÅÅÅÅÅÅÅÅR2  JyR q

ÿ
 sin q + x R q

ÿ
 cos qN= 1ÅÅÅÅ2  q B d2 q

ÿ
.

Therefore, the total Lagrangian is

L = 1ÅÅÅÅ2  mR2  q
ÿ 2

+ 1ÅÅÅÅ2  q B d2  q
ÿ
,

and hence the canonical momentum is modified as
pq = LÅÅÅÅÅÅÅ

q
ÿ = mR2  q

ÿ
+ 1ÅÅÅÅ2  q B d2 .

The Hamitonian is therefore

H = pq  q
ÿ

- L = pq  
pq - 1ÅÅÅÅÅ2  qB d2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅmR2 - 1ÅÅÅÅ2  mR2 J pq - 1ÅÅÅÅÅ2  q Bd2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅmR2 N2 + 1ÅÅÅÅ2  q B R2  
pq - 1ÅÅÅÅÅ2  q B d2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm R2

= 1ÅÅÅÅÅÅÅÅÅÅÅÅm R2  Ipq
2 - 1ÅÅÅÅ2  q B d2  pq - 1ÅÅÅÅ2  pq

2 + 1ÅÅÅÅ2  q B d2  pq - 1ÅÅÅÅ8  Hq B d2 L2 - 1ÅÅÅÅ2  q B d2 pq + 1ÅÅÅÅ4  Hq Bd2L2M
= 1ÅÅÅÅÅÅÅÅÅÅÅÅm R2  I 1ÅÅÅÅ2  pq

2 - 1ÅÅÅÅ2  q B d2 pq + 1ÅÅÅÅ8  Hq B d2L2 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2  Hpq - 1ÅÅÅÅ2  q B d2L2 .
The eigenvalues of the canonical  momentum is still pq = n —  because of the periodicity requirement,  and hence the energy
eigenvalues are

En = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2mR2  Hn — - 1ÅÅÅÅ2  q B d2 L2 .
Even though  the  particle  never "sees"  the magnetic  field,  the energy  eigenvalues  are  affected by  the vector  potential,
another manifestation  of  the Aharonov-Bohm effect.   Note  also that the  result depends only  on the total  magnetic flux
q FÅÅÅÅÅÅÅÅ2 — = q Bp d2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —
 modulo integers. 
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Ø
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ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p —  modulo integers. 

2. Probability current
As we discussed in the class, the Hamitonian of a point particle in the presence of vector and scalar potentials is

H = 1ÅÅÅÅÅÅÅÅÅ2 m  JpØ - q A
Ø N2 + q f. 

The Schrödinger equation is therefore

i— ÅÅÅÅÅÅt  y =
ikjjj 1ÅÅÅÅÅÅÅÅÅ2 m  J —ÅÅÅÅi  “

Ø
-q A

ØN2 + q f
y{zzz y ,

and its complex conjugate is

-i — ÅÅÅÅÅÅt  y* =
ikjjj 1ÅÅÅÅÅÅÅÅÅ2 m  J- —ÅÅÅÅi  “

Ø
-q A

ØN2 + q f
y{zzz y* ,

Therefore,
ÅÅÅÅÅÅt  r = ÅÅÅÅÅÅt  Hy*  yL = y*  yÅÅÅÅÅÅÅt + y*

ÅÅÅÅÅÅÅÅÅÅt  y

= y* 1ÅÅÅÅÅÅÅi—  
ikjjj 1ÅÅÅÅÅÅÅÅÅ2 m  J —ÅÅÅÅi  “

Ø
-q A

ØN2
 y + q f y

y{zzz - 1ÅÅÅÅÅÅÅi—  
ikjjj 1ÅÅÅÅÅÅÅÅÅ2 m  J- —ÅÅÅÅi  “

Ø
-q A

ØN2
 y* + q f y* y{zzz y

= i—ÅÅÅÅÅÅÅÅÅ2 m  
ikjjjy*ikjjj“

Ø 2
y - i qÅÅÅÅ

—
 “
Ø

ÿ JAØ yN- i qÅÅÅÅ
—

 A
Ø

ÿ “
Ø

y - q2
ÅÅÅÅÅÅÅ
—2  A

Ø2
 y
y{zzz

-
ikjjj“

Ø 2
y* + i qÅÅÅÅ

—
 “

Ø
ÿ JAØ y*N+ i qÅÅÅÅ

—
 A
Ø

ÿ “
Ø

y* - q2
ÅÅÅÅÅÅÅ
—2  A

Ø2
 y* y{zzz yy{zzz

= i—ÅÅÅÅÅÅÅÅÅ2 m  
ikjjjy*ikjjj“

Ø 2
y
y{zzz -

ikjjj“
Ø2

y*y{zzz y - i qÅÅÅÅ
—

 y* “
Ø

ÿ JAØ yN - i qÅÅÅÅ
—

 “
Ø

ÿ JAØ y*N  y - i qÅÅÅÅ
—

 y * A
Ø

ÿ“
Ø

y - qÅÅÅÅ
—

 A
Ø

ÿ J“Ø y*N yy{zzz
= “

Ø
ÿ i—ÅÅÅÅÅÅÅÅÅ2 m  Jy*J“

Ø
yN - J“

Ø
y* N y - 2 i qÅÅÅÅ

—
 y * A

Ø
yN

The conserved probability current is then
j

Ø
= —ÅÅÅÅÅÅÅÅÅÅÅ2 i m  Jy*J“

Ø
yN- J“

Ø
y* N y - 2 i qÅÅÅÅ—  y * A

Ø
yN

= 1ÅÅÅÅÅÅÅÅÅ2 m  Jy*J —ÅÅÅÅi  “
Ø

-q A
ØN y + J -—ÅÅÅÅÅÅÅÅi  “

Ø
-q A

ØN y*  yN.
Under the gauge transformation, A

Ø
' = A

Ø
- “

Ø
L , y ' = e-i q Lê—  y , we can seeJ —ÅÅÅÅi  “

Ø
-q A

Ø
'N y ' = J —ÅÅÅÅi  “

Ø
-q A

Ø
+ q “

Ø
LN e-i q Lê—  y

= e-i q Lê— J —ÅÅÅÅi  “
Ø

-q “
Ø

L - q A
Ø

+ q “
Ø

LN y = e-i q Lê— J —ÅÅÅÅi  “
Ø

-q A
ØN y.

Therefore, the probability current is transformed to
j

Ø
' = 1ÅÅÅÅÅÅÅÅÅ2 m  Jei q Lê—  y* e-i q Lê— J —ÅÅÅÅi  “

Ø
-q A

ØN y + ei q Lê— J -—ÅÅÅÅÅÅÅÅi  “
Ø

-q A
ØN y* e-i qLê — yN = j

Ø

and hence is gauge invariant.
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and hence is gauge invariant.

3. Landau levels

(a)@Px , PyD = @px - e Ax , py - e AyD = -e@px , Ay D+ e@py , AxD = -e —ÅÅÅÅi  x Ay + e —ÅÅÅÅi  y Ax = i e — B .  Therefore,@a, a† D = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e— B @Px + i Py , Px - i PyD = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e — B  H-2 i@Px , PyDL = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e — B  H-2 i i e — BL = 1.

(b)

Let us first work out a† a = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e— B  HPx - i PyL HPx + i PyL = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e— B  HPx
2 + Py

2 + i@Px , PyDL = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 e— B  HPx
2 + Py

2 - e — BL.
Therefore,

H = 1ÅÅÅÅÅÅÅÅÅ2 m  HPx
2 + Py

2 L = 1ÅÅÅÅÅÅÅÅÅ2 m  H2 e — Ba†  a + e — BL= e— BÅÅÅÅÅÅÅÅÅÅÅÅm  Ha†  a + 1ÅÅÅÅ2 L .
(c)

The  ground  state  wave  functions  must  satisfy  a » 0\ = 0  just  like  a  harmonic  oscillator.   Note  that
a = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e — B

 Hpx - e Ax + iHpy - e AyLL =

1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!
2 e— B

 H —ÅÅÅÅi   x +e BÅÅÅÅÅ2  y+ iH —ÅÅÅÅi  y -e BÅÅÅÅÅ2  xLL = -i—ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!
2 e— B

 HHx +i  yL + eBÅÅÅÅÅÅÅÅ2 —  Hx + i yLL= -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!
2 e— B

 H2 
êê

+ e BÅÅÅÅÅÅÅÅ2 —  zL,
where 

êê
= ÅÅÅÅÅÅzê = 1ÅÅÅÅ2  Hx +i yL .  Below, we also  use the  notation  = ÅÅÅÅÅÅz = 1ÅÅÅÅ2  Hx -i yL  so that  zê = 

êê
z = 0,  z = 

êê
zê = 1.

The ground state wave functions therefore satisfyHêê+ eBÅÅÅÅÅÅÅÅ4 —  zL yHz, zêL = 0.  
Writing yHz, zêL = y ' Hz, zêL  e-e B z zêê4 — , we find

0 = Hêê
+ e BÅÅÅÅÅÅÅÅ4 —  zL y ' Hz, zêL e-e B z zêê4 — = Hêêy ' Hz, zêLL e-e B z zê ê4 — .

Therefore, any function  y ' Hz, zêL  that satisfies 
êê

y ' Hz, zêL = 0, namely a  function of z  only with no dependence on zê  would
satisfy the equation.  In particular, y ' = zn is a solution for any n .

IntegrateA2 p r r2 n  E-e B r2êH2 —L, 8r, 0, ¶<, Assumptions -> Re@nD > -1&& ReA Be
ÅÅÅÅÅÅÅÅ
—

E > 0E
21+n p I Be

ÅÅÅÅÅÅÅÅ
—

M-1-n
Gamma@1+ nD

Therefore, N = In! p H 2 —ÅÅÅÅÅÅÅÅeB Ln+1 M-1ê2
.

(d)

Take eB ê 2 — = 1.  Then, yn = Hn! pL-1ê2  zn  e-zê zê2.   Therefore, 
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In[15]:= ContourPlotAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 0<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100, PlotRange Ø 90, 1
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Out[15]= Ü ContourGraphics Ü

In[16]:= ContourPlotAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 3<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100E
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Out[16]= Ü ContourGraphics Ü
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In[17]:= ContourPlotAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 10<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100E
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Out[17]= Ü ContourGraphics Ü

In[11]:= Plot3DAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 0<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100, PlotRange Ø 90, 1
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Out[11]= Ü SurfaceGraphics Ü
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In[12]:= Plot3DAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 3<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100E
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Out[12]= Ü SurfaceGraphics Ü

In[13]:= Plot3DAHn! pL-1  r2 n  E-r2 ê. 9r ->
è!!!!!!!!!!!!!!!
x2 + y2 = ê. 8n Ø 10<,8x, -4, 4<, 8y, -4, 4<, PlotPoints Ø 100E
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Out[13]= Ü SurfaceGraphics Ü

(e) 

The wave function  forms a ring further and further away from  the orign for larger and larger n .  If the system  has a finite
radius R , the ring goes  outside the system for too large n .  This sets a  maximum value on n , and  hence there are only a
finite number of ground states.  To obtain the maximum n , we require that the peak of the probability density is less than R .
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SolveADA Irn E-e B r2êH4 —L M2 , rE ã 0, rE99rØ -
è!!!2 è!!!n è!!!—
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!B è!!!e =, 9r Ø

è!!!2 è!!!n è!!!—
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!B è!!!e ==

For  this  radius  to be  inside  the  system, 2 n —ÅÅÅÅÅÅÅÅÅÅÅeB < R2 , and  hence  n < eB R2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 — .   The number of  ground  states  is therefore

1ÅÅÅÅÅÅÅÅ2 —  e B R2 .
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(f)

Using the expression a = -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e— B
 H2 

êê
+ eBÅÅÅÅÅÅÅÅ2 —  zL , we find

ae-e BHz zê-2 z0  zê +z0  zê 0Lê4— = -i—ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e— B
 H2 

êê
+ e BÅÅÅÅÅÅÅÅ2 —  zL e-e BHz zê-2 z0  zê +z0  zê 0Lê4—

= -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e — B
 H-2 eBÅÅÅÅÅÅÅÅ4 —  Hz - 2 z0L + e BÅÅÅÅÅÅÅÅ2 —  zL  e-e BHz zê-2 z0  zê +z0  zê 0Lê4 —

= -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e — B
 eBÅÅÅÅÅÅÅÅ2 —  2 z0  e-e BHz zê-2 z0  zê +z0  zê 0Lê4—

= -i"########eBÅÅÅÅÅÅÅÅ2 —  z0 e-e BHz zê-2 z0  zê +z0  zê 0Lê4—
Therefore, this  wave function  is an  eigenstate of  the annihilation operator  with the eigenvalue  -i"########e BÅÅÅÅÅÅÅÅ2 —  z0 , and  can be
regarded as a "coherent state" in analogy to the harmonic oscillator case.  

The  uncertainties  of  the  wave  function  are  calculated  the  usual  way.   The  probability  density  is»y »2 = N0
2 e-e B H2 z zê -2 z0  zê-2 z zê0 +2 z0  zê 0Lê4 — = N0

2 e-e BHz-z0 L Hzê-zê0 Lê2 —  and hence is  a Gaussian.  Rewriting it in terms of Cartesian
coordinates,  » y »2 = N0

2  e-e BHHx-x0L 2+Hy-y0L 2Lê2 —  for  z0 = x0 + i y0 .   Therefore,  we  find  Xx\ = x0 ,  Xy\ = y0 ,HD xL2 = XHx- x0 L\2 = —ÅÅÅÅÅÅÅÅe B , HD yL2 = XHy - y0L\2 = —ÅÅÅÅÅÅÅÅeB .  To calculate  expectation values  of the momentum, we  first rewrite
the  wave  function  as  y = N0 e-e BHHx2+y2 L-2 Hx0 +i y0 L Hx-i yL+Hx02 +y02 LLê4 — .   px  y = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ4 —  H2 Hx- x0 L - 2 i y0L y.   Therefore,Xpx\ = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ2 —  Xx - x0 - i y0\ = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ2 —  H-i y0L = e BÅÅÅÅÅÅÅÅ2  y0 .   Similarly,  py  y = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ4 —  H2 Hy - y0L + 2 i x0 L y,  andXpy\ = - eBÅÅÅÅÅÅÅÅ2  x0 .  Finally, Xp x2\ = Ÿ Ÿ „ x „y » px  y »2 = Ÿ Ÿ „ x „y H e BÅÅÅÅÅÅÅÅ2 L2

 HHx- x0 L2 + y0
2 L …y …2 = H e BÅÅÅÅÅÅÅÅ2 L2 H —ÅÅÅÅÅÅÅÅe B + y0

2 L , 
and  hence  HD pxL2 = H eBÅÅÅÅÅÅÅÅ2 L2  —ÅÅÅÅÅÅÅÅe B .   Similarly,Xpy2 \ = Ÿ Ÿ „x „ y » py  y »2 = Ÿ Ÿ „x „y H eBÅÅÅÅÅÅÅÅ2 L2  Hx0

2 + Hy - y0L2L … y …2 = H eBÅÅÅÅÅÅÅÅ2 L2  Hx0
2 + —ÅÅÅÅÅÅÅÅeB L ,

and hence HD pyL2 = H e BÅÅÅÅÅÅÅÅ2 L2 —ÅÅÅÅÅÅÅÅeB  as well.   The uncertainty relations are HD xL HD pxL = — ê2, HD yL HD pyL = —ê 2, and this state
is a minimunm uncertainty state.

acceptable solution
In the Heisenberg picture, we solve the equations of motion
i— dÅÅÅÅÅÅÅd t  x = @x, HD = i—ÅÅÅÅÅÅm  Hpx - eAxL = i—ÅÅÅÅÅÅm  Hpx + e BÅÅÅÅÅÅÅÅ2  yL,
i— dÅÅÅÅÅÅÅd t  y = @y, HD = i—ÅÅÅÅÅÅm  Hpy - eAyL = i—ÅÅÅÅÅÅm  Hpy - e BÅÅÅÅÅÅÅÅ2  xL,
i— dÅÅÅÅÅÅÅd t  px = @px , HD = -i—ÅÅÅÅÅÅÅÅÅm  Hpy - eBÅÅÅÅÅÅÅÅ2  xL H- eBÅÅÅÅÅÅÅÅ2 L,
i— dÅÅÅÅÅÅÅd t  py = @py , HD = -i—ÅÅÅÅÅÅÅÅÅm  Hpx + eBÅÅÅÅÅÅÅÅ2  yL H eBÅÅÅÅÅÅÅÅ2 L.
Taking another time derivative,
d2

ÅÅÅÅÅÅÅÅÅÅd t2  x = dÅÅÅÅÅÅÅd t  1ÅÅÅÅÅm  Hpx + eBÅÅÅÅÅÅÅÅ2  yL = 1ÅÅÅÅÅm  H e BÅÅÅÅÅÅÅÅÅ2 m  Hpy - e BÅÅÅÅÅÅÅÅ2  xL+ e BÅÅÅÅÅÅÅÅ2  ÅÅÅÅÅÅÅ t  yL = e BÅÅÅÅÅÅÅÅm  dÅÅÅÅÅÅÅd t  y,
d2

ÅÅÅÅÅÅÅÅÅÅd t2  y = 1ÅÅÅÅÅm  H- e BÅÅÅÅÅÅÅÅÅ2 m  Hpx + eBÅÅÅÅÅÅÅÅ2  yL - eBÅÅÅÅÅÅÅÅ2  dÅÅÅÅÅÅÅd t  xL = - eBÅÅÅÅÅÅÅÅm  dÅÅÅÅÅÅÅd t  x.
Therefore, the solution is
xHtL = xH0L+ 1ÅÅÅÅÅw  Ixÿ H0L sin w t + y

ÿ H0L H1 - cos w tLM,
 yHtL = yH0L+ 1ÅÅÅÅÅw  I-xÿ H0L H1 - cos w tL + y

ÿ H0L sin w tM.
For our coherent state wave function, the initial values are given byXxH0L\ = x0, XyH0L\ = y0 , Yxÿ H0L] = 1ÅÅÅÅÅm  Xp x + eBÅÅÅÅÅÅÅÅ2  y\ = w y0 , Yyÿ H0L] = 1ÅÅÅÅÅm  Xpy - eBÅÅÅÅÅÅÅÅ2  x\ = -w x0 .
We find the expectation values as the function of time,Xx HtL\ = x0 + Hy0 sin w t - x0 H1 - cos w tLL = x0  cos w t + y0 sin w t,Xy HtL\ = y0 + H-y0H1 - cos w tL - x0  sin w tL = - x0  sin w t + y0 cos w t.
This shows that  the expectation values  undergo the  classical cyclotron motion, as expected  from the Ehrenfest  theorem
(Sakurai, p.87).  

However, this calculation does not say anything about how the shape  of the wave function evolves in time, if it comes back
to the  original one  over time, etc.   Any  detailed information can be  obtained by  calculating Xx2\ , Xx3 \,  etc, namely  an
infinite number of expectation values.  But for that purpose the next approach would be better.

ideal solution with five bonus points
Using  the  expression  a† = -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!

2 e— B
 H2 - e BÅÅÅÅÅÅÅÅ2 —  zêL ,  we  can  see

e-i è!!!!!!!!!!!!!!!!!!eB ê2 — c z0  a†
 e-e B z zêê4 — = ez0I- eBÅÅÅÅÅÅÅÅÅ4 —

 zêM  e-e Bz zêê4 — = ez0 I- eBÅÅÅÅÅÅÅÅÅ2 —
 zêM  e-e B z zêê4 — = e-e BH z zê-2 z0  zê Lê4 — , and this is the coherent state up to a

constant.   Under  the  time  evolution,  it  changes  to
e-i H tê—  e-i è!!!!!!!!!!!!!!!!!!eB ê2 — c z0  a†

 e-e B z zêê4 — = e-i H tê—  e-i è!!!!!!!!!!!!!!!!!!eB ê2 —c z0  a†
 eiH tê— e-i H tê— e-e Bz zê ê4 —

= e-i 
è!!!!!!!!!!!!!!!!!!
e Bê2 — c z0  a†  e-i w t

 e-i w tê2 e-e Bz zê ê4 — .
Here, we used  the fact e-i H t ê— a†  ei H t ê— = a† e-iw t . Therefore, up to  the overall  phase factor due to the zero-point energy,
the time evolution is simply a change of z0 Ø z0  e-i w t  in the wave function e-e BHz zê-2 z0  e- iw t  zê +z0  zê 0L ê4 — .   It is always a Gauss-
ian of  the  same form, but  the center  moves  as   z = z0  e-i w t ,  or  x = x0  cos w t + y0 sin w t ,  y = - x0  sin w t + y0  cos w t ,
rotating clockwise on the complex plane of z around the origin.

One  can  see  the  time-dependence  of  the  wave  function  by  plotting  the  probability  density  over  time:»y »2 = N 2 e-e BHHx-x0 L2 +Hy-y0 L2 Lê2 —  with  x0 = ReHz0  e-i w t L ,  y0 = ImHz0 e-iw t L .  Take  e B= — = 1,  w = m-1 = 2 p ,  z0 = 5.
Execute the following command, select the following plots together, and go to "Cell" and "Animate Selected Graphics")
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Using the expression a = -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e— B
 H2 

êê
+ eBÅÅÅÅÅÅÅÅ2 —  zL , we find

ae-e BHz zê-2 z0  zê +z0  zê 0Lê4— = -i—ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e— B
 H2 

êê
+ e BÅÅÅÅÅÅÅÅ2 —  zL e-e BHz zê-2 z0  zê +z0  zê 0Lê4—

= -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e — B
 H-2 eBÅÅÅÅÅÅÅÅ4 —  Hz - 2 z0L + e BÅÅÅÅÅÅÅÅ2 —  zL  e-e BHz zê-2 z0  zê +z0  zê 0Lê4 —

= -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e — B
 eBÅÅÅÅÅÅÅÅ2 —  2 z0  e-e BHz zê-2 z0  zê +z0  zê 0Lê4—

= -i"########eBÅÅÅÅÅÅÅÅ2 —
 z0 e-e BHz zê-2 z0  zê +z0  zê 0Lê4—

Therefore, this  wave function  is an  eigenstate of  the annihilation operator  with the eigenvalue  -i"########e BÅÅÅÅÅÅÅÅ2 —
 z0 , and  can be

regarded as a "coherent state" in analogy to the harmonic oscillator case.  

The  uncertainties  of  the  wave  function  are  calculated  the  usual  way.   The  probability  density  is»y »2 = N0
2 e-e B H2 z zê -2 z0  zê-2 z zê0 +2 z0  zê 0Lê4 — = N0

2 e-e BHz-z0 L Hzê-zê0 Lê2 —  and hence is  a Gaussian.  Rewriting it in terms of Cartesian
coordinates,  » y »2 = N0

2  e-e BHHx-x0L 2+Hy-y0L 2Lê2 —  for  z0 = x0 + i y0 .   Therefore,  we  find  Xx\ = x0 ,  Xy\ = y0 ,HD xL2 = XHx- x0 L\2 = —ÅÅÅÅÅÅÅÅe B , HD yL2 = XHy - y0L\2 = —ÅÅÅÅÅÅÅÅeB .  To calculate  expectation values  of the momentum, we  first rewrite
the  wave  function  as  y = N0 e-e BHHx2+y2 L-2 Hx0 +i y0 L Hx-i yL+Hx0

2 +y0
2 LLê4 — .   px  y = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ4 —  H2 Hx- x0 L - 2 i y0L y.   Therefore,Xpx\ = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ2 —  Xx - x0 - i y0\ = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ2 —  H-i y0L = e BÅÅÅÅÅÅÅÅ2  y0 .   Similarly,  py  y = —ÅÅÅÅi  -e BÅÅÅÅÅÅÅÅÅÅÅ4 —  H2 Hy - y0L + 2 i x0 L y,  andXpy\ = - eBÅÅÅÅÅÅÅÅ2  x0 .  Finally, Xp x2\ = Ÿ Ÿ „ x „y » px  y »2 = Ÿ Ÿ „ x „y H e BÅÅÅÅÅÅÅÅ2 L2

 HHx- x0 L2 + y0
2 L …y …2 = H e BÅÅÅÅÅÅÅÅ2 L2 H —ÅÅÅÅÅÅÅÅe B + y0

2 L , 
and  hence  HD pxL2 = H eBÅÅÅÅÅÅÅÅ2 L2  —ÅÅÅÅÅÅÅÅe B .   Similarly,Xpy2 \ = Ÿ Ÿ „x „ y » py  y »2 = Ÿ Ÿ „x „y H eBÅÅÅÅÅÅÅÅ2 L2  Hx0

2 + Hy - y0L2L … y …2 = H eBÅÅÅÅÅÅÅÅ2 L2  Hx0
2 + —ÅÅÅÅÅÅÅÅeB L ,

and hence HD pyL2 = H e BÅÅÅÅÅÅÅÅ2 L2 —ÅÅÅÅÅÅÅÅeB  as well.   The uncertainty relations are HD xL HD pxL = — ê2, HD yL HD pyL = —ê 2, and this state
is a minimunm uncertainty state.

acceptable solution
In the Heisenberg picture, we solve the equations of motion
i— dÅÅÅÅÅÅÅd t  x = @x, HD = i—ÅÅÅÅÅÅm  Hpx - eAxL = i—ÅÅÅÅÅÅm  Hpx + e BÅÅÅÅÅÅÅÅ2  yL,
i— dÅÅÅÅÅÅÅd t  y = @y, HD = i—ÅÅÅÅÅÅm  Hpy - eAyL = i—ÅÅÅÅÅÅm  Hpy - e BÅÅÅÅÅÅÅÅ2  xL,
i— dÅÅÅÅÅÅÅd t  px = @px , HD = -i—ÅÅÅÅÅÅÅÅÅm  Hpy - eBÅÅÅÅÅÅÅÅ2  xL H- eBÅÅÅÅÅÅÅÅ2 L,
i— dÅÅÅÅÅÅÅd t  py = @py , HD = -i—ÅÅÅÅÅÅÅÅÅm  Hpx + eBÅÅÅÅÅÅÅÅ2  yL H eBÅÅÅÅÅÅÅÅ2 L.
Taking another time derivative,
d2

ÅÅÅÅÅÅÅÅÅÅd t2  x = dÅÅÅÅÅÅÅd t  1ÅÅÅÅÅm  Hpx + eBÅÅÅÅÅÅÅÅ2  yL = 1ÅÅÅÅÅm  H e BÅÅÅÅÅÅÅÅÅ2 m  Hpy - e BÅÅÅÅÅÅÅÅ2  xL+ e BÅÅÅÅÅÅÅÅ2  ÅÅÅÅÅÅÅ t  yL = e BÅÅÅÅÅÅÅÅm  dÅÅÅÅÅÅÅd t  y,
d2

ÅÅÅÅÅÅÅÅÅÅd t2  y = 1ÅÅÅÅÅm  H- e BÅÅÅÅÅÅÅÅÅ2 m  Hpx + eBÅÅÅÅÅÅÅÅ2  yL - eBÅÅÅÅÅÅÅÅ2  dÅÅÅÅÅÅÅd t  xL = - eBÅÅÅÅÅÅÅÅm  dÅÅÅÅÅÅÅd t  x.
Therefore, the solution is
xHtL = xH0L+ 1ÅÅÅÅÅw  Ixÿ H0L sin w t + y

ÿ H0L H1 - cos w tLM,
 yHtL = yH0L+ 1ÅÅÅÅÅw  I-xÿ H0L H1 - cos w tL + y

ÿ H0L sin w tM.
For our coherent state wave function, the initial values are given byXxH0L\ = x0, XyH0L\ = y0 , Yxÿ H0L] = 1ÅÅÅÅÅm  Xp x + eBÅÅÅÅÅÅÅÅ2  y\ = w y0 , Yyÿ H0L] = 1ÅÅÅÅÅm  Xpy - eBÅÅÅÅÅÅÅÅ2  x\ = -w x0 .
We find the expectation values as the function of time,Xx HtL\ = x0 + Hy0 sin w t - x0 H1 - cos w tLL = x0  cos w t + y0 sin w t,Xy HtL\ = y0 + H-y0H1 - cos w tL - x0  sin w tL = - x0  sin w t + y0 cos w t.
This shows that  the expectation values  undergo the  classical cyclotron motion, as expected  from the Ehrenfest  theorem
(Sakurai, p.87).  

However, this calculation does not say anything about how the shape  of the wave function evolves in time, if it comes back
to the  original one  over time, etc.   Any  detailed information can be  obtained by  calculating Xx2\ , Xx3 \,  etc, namely  an
infinite number of expectation values.  But for that purpose the next approach would be better.

ideal solution with five bonus points
Using  the  expression  a† = -i —ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!2 e— B

 H2 - e BÅÅÅÅÅÅÅÅ2 —  zêL ,  we  can  see
e-i è!!!!!!!!!!!!!!!!!!eB ê2 — c z0  a†

 e-e B z zêê4 — = ez0I- eBÅÅÅÅÅÅÅÅÅ4 —
 zêM  e-e Bz zêê4 — = ez0 I- eBÅÅÅÅÅÅÅÅÅ2 —

 zêM  e-e B z zêê4 — = e-e BH z zê-2 z0  zê Lê4 — , and this is the coherent state up to a
constant.   Under  the  time  evolution,  it  changes  to
e-i H tê—  e-i 

è!!!!!!!!!!!!!!!!!!
eB ê2 — c z0  a†

 e-e B z zêê4 — = e-i H tê—  e-i 
è!!!!!!!!!!!!!!!!!!
eB ê2 —c z0  a†

 eiH tê— e-i H tê— e-e Bz zê ê4 —

= e-i è!!!!!!!!!!!!!!!!!!e Bê2 — c z0  a†  e-i w t
 e-i w tê2 e-e Bz zê ê4 — .

Here, we used  the fact e-i H t ê— a†  ei H t ê— = a† e-iw t . Therefore, up to  the overall  phase factor due to the zero-point energy,
the time evolution is simply a change of z0 Ø z0  e-i w t  in the wave function e-e BHz zê-2 z0  e- iw t  zê +z0  zê 0L ê4 — .   It is always a Gauss-
ian of  the  same form, but  the center  moves  as   z = z0  e-i w t ,  or  x = x0  cos w t + y0 sin w t ,  y = - x0  sin w t + y0  cos w t ,
rotating clockwise on the complex plane of z around the origin.

One  can  see  the  time-dependence  of  the  wave  function  by  plotting  the  probability  density  over  time:»y »2 = N 2 e-e BHHx-x0 L2 +Hy-y0 L2 Lê2 —  with  x0 = ReHz0  e-i w t L ,  y0 = ImHz0 e-iw t L .  Take  e B= — = 1,  w = m-1 = 2 p ,  z0 = 5.
Execute the following command, select the following plots together, and go to "Cell" and "Animate Selected Graphics")

In[18]:= TableAContourPlotA 1
ÅÅÅÅÅÅÅÅ
2 p

 Exp@-HHx- 5 Cos@2 p tDL2 + Hy +5 Sin@2 p tDL2Lê2D, 8x, -10, 10<,8y, -10, 10<, PlotPoints Ø 50, PlotRange Ø 90, 1
ÅÅÅÅÅÅÅÅ
2 p

=E, 8t, 0, 0.9, 0.1<E
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Out[18]= 8Ü ContourGraphics Ü, Ü ContourGraphics Ü, Ü ContourGraphics Ü,
Ü ContourGraphics Ü, Ü ContourGraphics Ü, Ü ContourGraphics Ü,
Ü ContourGraphics Ü, Ü ContourGraphics Ü, Ü ContourGraphics Ü, Ü ContourGraphics Ü<

(g)

For  an  electron,  the  "Physical  Constants"  table  from  the  PDG  says  the  Bohr  magneton  is
mB = e —ÅÅÅÅÅÅÅÅÅÅÅ2 me

= 5.79 µ 10-11  MeVT -1 .  The excitation energy  is D E = e— BÅÅÅÅÅÅÅÅÅÅÅÅme
= 1.16 µ 10-3  eV  for B = 100 kG = 10 T .   The

corresponding thermal energy  is  D E êk = 1.16 µ 10-3  eV ê 8.62 µ 10-5  eVK-1 = 13.4 K .   At  temperatures below a  few
kelvin, pratically all electrons populate the ground states.

4. Scalar Aharonov-Bohm
In  this  experiment,  a  magnetic  field  is  applied  for  Dt = 8 m sec  on  neutrons  whose  magnetic  moment  is
m = -1.91 mN = -1.91µ 3.15 10-14  MeV T-1 = -6.02 µ 10-14  MeV T-1 .   The  relative  phase  between  two  waves  is
(following Eq. (3)),

D FAB = 1ÅÅÅÅ—  m BDt = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6.58µ10-22  MeVsec  H-6.02 µ10-14  MeVT -1 L Bµ 8 µ 10-6  sec = 7.32 µ 102  HB êT L = 0.0732 HBêGaussL.
The fit to the data shown in Fig. 5 says D FAB êB= 0.0657 êGauss, quite a good agreement with the expectation.

Fig. 2.4 in Sakurai's shows an electric potential,  which has an electric field at the edges  and hence forces.  The reason why
they chose to turn on and off the magnetic  field is to avoid the possible criticism that a specially non-uniform field gives a
non-uniform potential and hence a classical  force.  The purpose of the experiment, on the other hand,  is to demonstrate the
quantum phase in the absence of any  classical force.  Furthermore,  they wanted to avoid the torque  acting on the neutron
spin, and  therefore  polarized  the  spins  along  the  direction  of  the  motion  which  is  parallel  to  the  magnetic  field
("longitudinal polarization").   This  way, they were sure  that there is absolutely no classical  force acting on neutrons,  yet
they showed the quantum phase, the scalar Aharonov-Bohm effect.
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