HW #9 (221A), due Nov 12, 4pm

1. Consider a symmetric rectangular double-well potential
00 for || >a+0b
V=¢0 fora<|z|<a+b (1)
Vo >0 for |z| < a.

Assuming that V{ is very high, obtain the energies of the two low-lying
states and plot their wave functions.

2. Consider a periodic replusive potential of the form
V= > Nz-—na) (2)
with A > 0. The general solution for —a < x < 0 is given by
¢($) — Aemz_{_Be—mz’ (3)
with k = v/2mFE /h. Using the Bloch’s theorem, wave function for the
next period 0 < x < a is given by
w(x) — eika(Ae'm(xfa) + Befm(:rfa)) (4)

for |k| < m/a. Answer the following questions.

(a) Write down the continuity condition for the wave function and
the required gap for its derivative at z = 0 (see the notes on
the second page). Show that the phase ¢ under the discrete
translation x — x + a is given by k as

ika 1 : . 1 . 2
e = coska + —sinka £ i1 — (cosmz%—sm/m) . (5)
kd kd

Here and below, d = h*/m\.

(b) Take the limit of zero potential d — oo and show that there are
no gaps between bands as expected for a free particle.

(c) When the potential is weak but finite (large d), show analytically
that there appear gaps between bands at k = +7/a.

(d) Plot the relationship between x and k for a weak potential (d = 3a)
and a strong potential (d = 3a) (both solutions together).

(e) You always find two values of k at the same energy (or x). What
discrete symmetry guarantees this degeneracy?



How to deal with a delta-function potential

Suppose you have a Hamiltonian H = % + Ad(z). The time-dependent
Schrodinger equation is

2

_ 2hm¢”(x) +A(2) () = Ep(x). (6)

Let us integrate both sides of the equation for a small interval x € [—¢, €],
and we will send € — 0 in the end. For the right-hand side of the equation,

" drEg(z) — 0. (7)

—€

The left-hand side of the equation is more complicated. The first term is

€ —h2 B2 € K2
Gt ) = [t =g =) ®
On the other hand, the second term is
drAd(@)(w) = M(0) (9)
Putting everything together,
h2 / / o
= 5, WHe) = ¥i(=€)) + M(0) = 0, (10)
or -
W) = U/ (=e) = S5m0 (0). (11)

72
Therefore, the wave function must be continuous across the delta function,
while the derivative is discontinuous.

You can work on problem 22, Chapter 2 of Sakurai, and find that there
is one bound state with a negative delta function potential, and a continuum
of positive energy eigenstates.



