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HW #3

1. Spin Matrices

We use the spin operators represented in the bases where S, is diagonal:

h h h
Sy = > {{0, 1}, {1, 0}}; Sy = Py {{0, -1}, {1, 0}}; S, = Py {{1, 0}, {0, -1}};
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(a) Obviously two matrices commute when they are the same: i = j. Also, it is obvious that [S;, §;] is anti-symmetric in
i« j because [S;, S;] = —[S;, S;]. Therefore, it only reamains to verify

S..S; -S;.S,-IAS,
{{0, 0}, {0, 0}}
S,.S,-S,.S,-IhS,
{{0, 0}, {0, 0}}
S,.S,-S,.S,-IhS,

{{0, 0}, {0, 0}}

(b) We define n= (sinf cos¢, sinf sing, cosd)
n, = Sin[6] Cos[¢]; n, = Sin[6] Sin[¢]; n, = Cos[6]
Cos [O]

S, = Simplify[n, S +ny, Sy, +n, S, ]

{{% ncos[O], %hsin[e} (Cos[¢] - isin[¢])}, {%hsin[e} (Cos[¢] +1Sin[¢]), —%hCos[@}H
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Eigensystem[S,]

{{_\/h_z \/h_z} (0 (-vh? +ncos[e]) csclo] (Vh? +hcos[e]) csclo]

2 2 h (Cos[¢] + L Sin[o]) 1] R (Cos[d] +1Sin[d]) r 111}

PowerExpand[%]

h h (-h+hCos[6]) Csc[O] (h+hCos[6]) Csc[O]
{{"7’ 7}’ {{ A (Cos[¢@] +1Sin[¢]) ' 1}’ {h (Cos[¢] +1Sin[¢]) ' 1}}}

Simplify[%]

N| O

(-2, 2}, {{(-cos[¢] + 1 Sin[6]) Tan|

N| O

], 1}, {cot[5] (cos[¢] - isinle]), 1}}}

[4
COS 5

: ]with eigenvalue + % and [

i O i
smze

value — % . The state with spin along the n direction is the former, and its probability to have the positive S, when measured
cos %
Lol 7
sin 5 €'

(c) Between n= (sinf cos¢, sind sing, cosd)and n'= (sinf' cos¢', sinf'sing', cosf'), the probability is

9
cos =
e 5
(cos—g,sm—ge“ﬁ)[ ]

-0 i
sin = e
Therefore, one can take the the normalized eigenstates to be [ ]with eigen-

Cos 5

is simply given by |<SZ=+%|S,,=+%)|2= 2 2 9

Sy =+218,=+1)P = 2= |cos £ cos £ +sin & e sin £ o |7 =

cos? £ cos? £ +sin® & sin® £ +2cos £ cos £ sin & sin £ cos(¢ — ¢")

TrigExpand[

6, .2 6, 2 . 6.2 6. 2 6 6 . .6 . 6
Cos[Tl] Cos[Tz] +Sln[71] SJ.n[Tz] +2Cos[Tl]Cos[Tz]Sln[Tl]Sln[T]Cos[d)l—dh]]
%+%Cos{%}ZCos[ez—z}z—%Cos{%}zsin[ez—l}z+
2cOs[92—1}cOs[%}cOs[wl}cOsmz}sin[%l}sin[ez—z}-%cOs[%}zsin[ez—z}z+
%sin[ez—l}zsm[%z}z+2Cos[92—1}ms[972}sin[ez—l}sin[%z}sin[qsl}sin[qbz}
Simplify[%]

% (1+Cos[6,] Cos[6,] +Cos[p,] Cos[¢,] Sin[6;] Sin[O,] + Sin[6:] Sin[6,] Sin[¢:] Sin[¢,])

This is nothing but % (1 +n- Z') = % (1 + cosn) = cos? % , where 77 is the angle between two vectors, as expected from the
rotational invariance.

2. Sloppy Hydrogen Atom

According to the problem,
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1 n\? ze?
Energy = —(—) -
2m \d d
d 2d?m

Solve[D[Energy, d] =0, d]

hz
{{d% e?m?Z2 H
Simplify[Energy /. $[[1]]]

e*m z?
2 h?

This actually agrees with the exact result. (One should be cautioned, however, that the agreement with the exact result is a
coincidence for this particular example.)

3. Classical Uncertainty Principle

(a) The Maxwell's equations in vacuum are given by

V.E=0
V.B=0
VXE+9d;B=0

A2VXB-0,E=0
In this problem, there are only x and ¢ dependence, and the only non-vanishing components are E, and B,. Then the Max-
well's equations reduce to

V.E,+8,B, =0

-c*V,B,-0,E, =0
Putting them together, they reduce to a simple one-dimensional equation,

AV 2E, -8, E, =0.
Any function of the combination c ¢ — x satisfies this equation, namely

(A2 V2-8,) fct—x)=0.
Because the form of E, given in the problem is a function of c# — x only, it solves the Maxwell's equations automatically.
The form can be sketched as
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X
Plot[sin[2 v (t— —)] E(x-e®/2 4 44 50, vs1,co1, 010},
(o]
{x, -30, 30}, PlotRange - {-1, 1}]
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It oscillates just like the plane waves, but is localized. The "uncertainty" is defined using the formula analogous to the
quantum mechanical wave function. First the "norm,"

X 2 22
Integrate[(Sin[va (t— —)] E-(*x-e®)7/2/0 ) /. {£t>0}, {x, ~®, o}]
c

If[Im|

Ql<

] == 088 Arg[o] >—§ &&Re[o0?] > 0 && Arg[o] < %,

422 o2 2

%(1—@7 c? )\/;\/O_Z,IZE% Sin[znci} dlx}

an2 2 o2

norm = Simplify[PowerExpand[% (1 - e_T] Vr Vo2 ] ]

1 4n? v2 o2

5 l-e )\/;o

We set the overall normalization E, = 1 throughout as it drops out after taking the norm correctly into account.

Next the expectation value

X 2 2\ 2
Integrate[(Sin[va (t— :)] E-(x-et)7/2/0 ) x/.{t>0}, {x, o, o}]

x2

0 2
If[Re[0?] >0, 0, J e 7 xSin|

ZHXV} dlx}

OK, this vanishes. Finally the variance,

X 2 2\ 2
Integrate[(Sin[va (t— :)] E-(x-et)7/2/0 ) x* /. {£ >0}, {x, -», o}]

If[Im[%} == 0 && Arg[O] >—§ &&Re[o0?] > 0 && Arg[o] < %,

BB 213/2 ( 2 st 2 .2 2
e 2 7t (0%) (c (—1+<e 2 )+87TVO

4 c?

2

) ’ Jme’% x? Sin{zn%} d]x}
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an2 y2 o2 3/2 an2 y2 o2
e 2 vV (0?) (c2 (—1+e 2 )+87r2v2 o?
Simplify|PowerExpand /norm
[ [ 1
4722 52
o? (c2 (—1+<e o2 )+87T2V202)
472 y2 52
2 ¢c? (—1 +e o2 )

2ye™”
l—er 2

One can write it as (A x)> = % cr(l-e?)+ where y =472 v? 0 /c?. It is especially simple when y > 1, when

2 _ 1 2
(A X) =75 .
(b) The Fourier transform to the frequency domain is given by

x
Integrate[Sin[va (t— —)] E-(x-cv)’/2/e? gr2nie oy 03,
c
2

{t, ~©, ©}, Assumptions -» {Re[c—z] > 0}]
o

If[Im[f-v] == 0&& Im[f+ V] == 0,

Can? (£2402) o2 272 (£-v)2 o2 272 (£:v)2 o2 "
m 2 2 — 2 2 00 2 .2
re ° ((e ° € ‘ ) 2 2ifre- 80
~ , e 202 Sin[2 7t V] dlt}
2
C
o -
_an? (£2.442) o2 272 (£-v)2 o2 272 (£4v)2 o2
ie = (e E -e <2 ) z
2
Simplify[PowerExpand [— ] ]
c2
oz
Can? (£202) o2 272 (£-v)2 o2 272 (£:v)2 o2
ie <2 ((e c? -e c? ) \/; o

(¢]

Again starting with the norm(dropping the overall f-independent factors),

2

472 (£24v2) 02 ( 272 (£-v)2 o2 272 (£4v)2 o2
e

Integrate[[e_ = = -e < )] , {£, 0, o}]

_4n2.252 422 o2

I
o? S c? (—1 + € c? ) @ 8n? (£2442) o2 272 (£-v)2 o2 272 (£0)2 02 | 2
If[Re[ } >0, , e 2 (e 2 -e 2 ) dlf}
0

o 2 &

norm = Simplify [PowerExpand[

472 2 52

c(l—re’ a )
2\/;0

Next, the average frequency,
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2

an? (£24v2) o2 272 (£-v)2 o2 272 (£+v)2 o2
e

Integrate[[e_ <2 o -e o ]] £, {£, 0, »}]

2 V2 Erf[2 4] 22 @ gn? (£242) 52 272 (£-v)2 o2 272 (£0)2 02 | 2
(@) Z _

If{Re[—} >0, [ < } , e o2 e o2 c2 fdlf}
c? 24/ \/—Z—Vz ol 0

c

v? Erf[27r Vz;’z ]
Simplify[PowerExpand[ ° ] /norm]

2 A[ 22

vErf[M}
c

" 4s2 2 o2
l-e c?

o 12 . . . . .
One can write it as v % , where y = 4 72 v* 02 / ¢*. Tt is especially simple when y > 1, when it reduces to nothing but .

Finally the dispersion in the frequency is

_an? (£24v2) 02 272 (£v)2 o2 272 (£0v)2 o2 2 )
Integrate[|e E e < -e o £2, {£, 0, »}]
_an2,252 an? 2 o2 4n2 2 52
o2 e o2 (_cz +cle &2 +8e o2 712 2 02)
If [Re[—z} >0,
c

14
2
16 715/2 0% £ o

Simplify[
_ 47(2 vz az 47(2 vz az 47(2 vz az
e <2 (—c2+c2e 2 +8e o 7?2 v? o? VErf[chvo] 2
PowerExpand[ norm- | —8M ] ]
5/2 g2 4| &2 LA
16 O - l1-e c2

2 2 2 2.2 2 2.2 2 872 2 2

422 5 4722 4722 V2 g 27V O 42
((—1+<e 2 )(c2 (—1+<e o? )+8<e o? ﬁzvzoz)—8e o2 nzvzozErf[T})/

2,22 2

4714 ve o
(8 (—1+<e c2 ) 2 o?

2 _ vA((-e)((1—e7)+2y)-2y Erf[y'?2])
Namely, (A f)” = 7y ()

which simplifies to (A f)2 =? % = #when vy > 1. Therefore,
(:2

16n2 °

(Ax? (Af) =

Once interpreted as a photon, (A f)2 =c2(A p)2 / h?, and hence (A x)2 (A p)2 = % , as expected.



